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Abstract 

The aim of the present paper is to establish some transformation formulas for Exton's quadruple 

hypergeometric functions 1411, KK  and 15K . Several summation formulas for 1411, KK  and 15K  are also 

derived as an applications of our main results with the help of classical summation theorems. 

Keywords: Transformation formulas, Summation formulas, Hypergeometric functions, Classical summation 

theorems. 

 

2010 Mathematics Subject Classification - 33B15, 33C05, 33C20, 33C65. 

 

1. Introduction 

The generalized hypergeometric function pFq with p  

numerator parameters and q denominator parameters is 

defined by (see [7, p.42]): 

 

where n)(  is the Pochhammer's symbol defined by (see 

[7, p. 21]) 
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and )(  is the Gamma function defined by 

 


 

0
0)Re(,)( 1 zdtetz tz

.               (1.3) 

In the theory of hypergeometric and generalized 

hypergeometric series, classical summation theorems such 

as those of Gauss, Gauss's second, Bailey, Kummer and 

Dixon play an important role. Applications of the above-

mentioned theorem are now well known (see, [1], [4], [6]). 

For the purposes of our present work, we require the 

following classical summation theorems:  

Gauss's theorem (see, [5, p.49]) 
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Gauss's second theorem (see[ 5, p.69]) 
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Bailey's theorem (see [5, p.69]) 
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Kummer's theorem (see [ 5, p.68]) 
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Dixon's theorem (see  [5, p.92]) 
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Lauricella's function 
)3(

DF  (see, [55, p.61])   
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where 
)3(

DF  is Lauricella’s function  of three variables 

defined as follows (see [7,p.60]):  

    zyxcbbbaFD ,,;;,,, 321
)3(

 

!!!)(

)()()()(

0,,

321

p

z

n

y

m

x

c

bbba pnm

pnm pnm

pnmpnm




 


     (1.10) 

1},,max{ zyx . 

The Exton's quadruple hypergeometric functions 1411,KK

and 15K are defined by [2] (see also [3, p.78-79]) as 

follows: 
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2. Main transformation formulas for K11, K14 

and K15 

In this section, we apply (1.9) to establish five 

transformation formulas for Exton's quadruple 

hypergeometric functions 1411,KK and 15K  as follows:  

Theorem 2.1. The following transformation formula for 

11K  holds true: 
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Proof. From the definition (1.11) of 11K , we have  

 tdcccbbbbaaaaK ,1,1,1;,,,;,,,;,,, 432111  

 
 1,1,1;;,,,

!

)()(
321

)3(

0

4
cbbbqaF

qd

tba
D

q q

q
qq






. 

Now, using (1.9), we have 
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Next, using the following result (see [p.22,7]) 

,....2,1,0;,....3,2,1,
)1(

)1(
)( 




 an

a
a

n

n

n   , 

we have   

 tdcccbbbbaaaaK ,1,1,1;,,,;,,,;,,, 432111     















0 321

4

321

321

!)1()(

)1()()(

)()(

)()(

q qq

q
qqq

qbbbacd

tacba

bbbcac

bbbacc

 

.
;

;

1,

1,,

)()(

)()(

321

4
23

321

321




















t
bbbacd

acba
F

bbbcac

bbbacc

 

This completes the proof of (2.1). 

Remark 2.1. On taking 3214 1 bbbacb  in 

(2.1), we obtain the following transformation formula: 

Corollary 2.1. The following transformation formula for 

11K  holds true: 
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Theorem 2.2. The following transformation formula for 

14K  holds true: 
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Proof. From the definition (1.12) of 14K , we have  
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This completes the proof of (2.3). 

 

Theorem 2.3. The following transformation formula for 

15K  holds true: 
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Proof. From the definition (1.13) of 15K , we have  
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This completes the proof of (2.4). 

Remark.2.2 On taking acb 5 in (2.4), we obtain the 

following transformation formula: 

Corollary 2.2. The following transformation formula for 

15K  holds true: 
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3. Applications 

In this section, we derive certain summation formulas for 

Exton's quadruple hypergeometric functions 1411,KK and 

15K  as applications of the results derived in the previous 

section. 

1. Taking cdbbbcbt  ,,1 3214  in (2.1) and 

using Dixon's summation theorem (1.8), we get  
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2. Taking 1t  in (2.2) and using Gauss's summation 

theorem (1.4), we get 
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5. Taking cdt  ,1  in (2.2) and using Kummer's 

summation theorem (1.7), we get  
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9. Taking 31,1 cbadt  in (2.3) and using 

Kummer's summation theorem (1.7), we get 
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)1()1()1(

)1()1()1(

32
1

321

2
1

3213

bcbccca

bccccba




 .   (3.10) 

Further, taking ac 3 in (3.10), we get 

 1,1,1,1;1,1,1,1;,,,;,,, 2114  bbbbbccbaaaaK  

                    
)1()1(

)1()1(

2
1

21

2
1

21

abcc

bcca




 .                (3.11) 

10. Taking 32154 1,1,1 bbbbabt   in (2.4) 

and using Dixon's summation theorem (1.8), we get  

 1,1,1,1;,,,;1,,,;1,,, 32132115 ccccabbbbbbaaaK   

)()1()1(

)1()()(

32
1

22
1

12
1

2
1

2
1

321

32
1

22
1

12
1

2
1

2
1

321

bbbacbbbacc

bbbacbbbacc




            

              
)(

)1(

32
1

22
1

12
1

2
1

2
1

32
1

22
1

12
1

2
1

2
1

bbbac

bbbac




 .          (3.12) 

11. Taking 1t  in (2.5) and using Gauss's summation 

theorem (1.4), we get 

 1,1,1,1;,,,;,,,;,,, 432115 ccccbbbbacaaaK   

 
2
1

2
1

32132111 ,1,1,1;1,,,;1,,,;,,, cacccbbbcabbbaaaaK 

 
2
1

32132111 ,1,1,1;,2,2,2;1,,,;,,, daaabbbcabbbaaaaK 
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)()()(

)()()(

4321

4321

abbbbcac

babbbacc




 .                     (3.13) 

12. Taking abt  1,1 4  in (2.5) and using Kummer's 

summation theorem (1.7), we get  

 

)()1()(

)1()()(

32
1

22
1

12
1

2
1

2
1

321

32
1

22
1

12
1

2
1

2
1

321

bbbacbbbacac

bbbacbbbacc




 .  

                                                                                    (3.14) 

Conclusion 

In the present paper, we derived a transformation formulas 

for Exton's quadruple hypergeometric functions 1411, KK  

and 15K . Furthermore, as an applications of our main 

formula, we have present certain summation formulas for 

1411, KK  and 15K . The results are derived by using the 

method of series manipulation with the help of the well- 

known classical summation theorems. The method used in 

this paper can be applied to derive certain transformation 

and summation formulas for other hypergeometric 

functions given in the literature. 
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 مقالة بحثية

 15Kو  11K، 14K تحويلات وصيغ جمعية لدوال اكستون

 2، حسين صالح بلحاج*،1أحمد علي عتش

 شبوة، جامعة عدن، عدن، اليمن - قسم الرياضيات، كلية التربية 2،1

 atash@hotmail.com-a-ahلكتروني بريد ا الباحث الممثل: أحمد علي عتش* 

 2020مارس  07/ نشر في:  2020فبراير  18/ قبل في:  2020يناير  31 استلم في: 

 الملخص

. وكتطبيقات لنتائج بحثنا الرئيسية تم ايضا اشتقاق 15Kو 11K، 14Kهدف بحثنا هذا هو اثبات بعض التحويلات لدوال اكستون الفوق هندسية الرباعية 

 .وذلك بمساعدة نظريات الجمع الكلاسيكية 15Kو 11K، 14Kمن صيغ الجمع ل  العديد

 .تحويلات، صيغ جمعية، الدوال الفوق هندسية، نظريات الجمع الكلاسيكية الكلمات الرئيسية:
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