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Abstract

The aim of the present paper is to establish some transformation formulas for Exton's quadruple

hypergeometric functions Kiz, Kua and Kis. Several summation formulas for K11 K and K15 are also
derived as an applications of our main results with the help of classical summation theorems.
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1. Introduction

The generalized hypergeometric function pFq with p
numerator parameters and ¢denominator parameters is
defined by (see [7, p.42]):

ap,....ay,; — (@), (a,), z"
- Nl tay), 2 1.1
p ‘?{b] s eesbys z} HZ:(;(bl)n..-(bq)n n! D

where (1), is the Pochhammer's symbol defined by (see
[7,p.21])

@ =r(r/1(2)n) ={z(z+1)(z+12) (1+n-1) E: =r3) (12
- eN)

and T'(1) is the Gamma function defined by

[(z) =I;Otz‘1e“ dt , Re(z)>0. (1.3)

In the theory of hypergeometric and generalized
hypergeometric series, classical summation theorems such
as those of Gauss, Gauss's second, Bailey, Kummer and
Dixon play an important role. Applications of the above-
mentioned theorem are now well known (see, [1], [4], [6]).
For the purposes of our present work, we require the
following classical summation theorems:

Gauss's theorem (see, [5, p.49])

2F1_a’b; 1}_% R(c—a-b)>0 (1.4)

l¢c;7] T(-arc-b)’

Gauss's second theorem (see[ 5, p.69])

N
iy

(1.5)

[ ab ;1}_r(§) r(ta+ib+1)
3(@@+b+1) ;2] T(a+)rdb+l)

Bailey's theorem (see [5, p.69])

E al-a;1 _ rGe) rGe+4)
2l e 2 FGe+iayr(ic-1a+d)

(1.6)

Kummer's theorem (see [ 5, p.68])

E ab ; | T+a-bI(3)
*ava-b; 7| 22r@+la-bria+l)

.7
Dixon's theorem (see [5, p.92])

b, ,
. a,b,c 1
l+a—-b,1+a-c;

) I(1+3a) [(1+a-b) (1+a-c) [(l+3a-h-c)
I(l+a) F(1+3a-b)I(1+Ja-c) T(l+a-b-c)

(1.8)
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Lauricella's function F{¥ (see, [55, p.61])

r(©T(e-a-b-b-b)

1.9
I'(c-a)r(c—b —b, —by) (9)

F& (a,by by byi011,1,1) =

where Fé3) is Lauricella’s function of three variables
defined as follows (see [7,p.60]):

F9 (a,by,by,bs;c:x,y,2)

i @mnsp B (b2)n (03)p x™ y" 2P

(C)m+n+p m' n! p' (1.10)

m, n, p=0
max{ | x|,|y|| z[} < 1.

The Exton's quadruple hypergeometric functions K;q, K4
and Kjzare defined by [2] (see also [3, p.78-79]) as
follows:

Kll(a!alaya;bl!bZlbaybzlicacycad;Xsy’zyt)

i (a)m+n+p+q (bl)m(bz)n(bs)p(b4)q X" yn ANE

(C)m+n+p (d)q m!n! p! q! (l'll)

mn,p,q=0

Kis(a,a,a,c4;b,¢,c,,b;d,d,d,d; X, y,z,t)

i a)m+n+p (b)m+q(cl) (Cz) x"y"zPt (1.12)
(@menepea MO PG

m,

E

,p.q=0
Kis(a,a,a,bs ;b ,b,,b;,b,;cocCC5 %y, 2,t)

Zw: m+n+p q bl)m(bZ)n(bg)p(b4)q K™ yn 7Ptd
pq =0 (C)m+n+p+q mI nl pl ql

.(1.13)

m,

=

2. Main transformation formulas for K, Kia
and Kis

In this section, we apply (1.9) to establish five

transformation  formulas  for  Exton's  quadruple

hypergeometric functions Kj;, Kjsand K;g as follows:

Theorem 2.1. The following transformation formula for
K4 holds true:

Ku(a,a a,a;b;,b,,bs,by5c,c,¢,d;111t)

_T(©)l(c—a—b b, ~by)
F(c—a)(c-b —b, ~by)

a,b,l1-c+a

><3|:{dl c+a+b1+b2+b3't} @1

Proof. From the definition (1.11) of K;,, we have

Kii(a,a,a,ab;,b,,bs,b,;¢,c,¢,d;111t)
e b
z(a) (4)q FOla+q,by,b,,by;ci111].
q=0 q

Now, using (1.9), we have

Ky (aa.a,ab;,b,,bs,by5c ¢ c,d;1111)

i( a(s)q t T()(c—a—q-b, - b2—b3)

pary g @ T(c-a-qr(c—b —b,—bs)

Next, using the following result (see [p.22,7])

_ n
i n=123,...;a=0+1+2,...

(a)—n: (1—a)n ' )

we have

Ku(a a,a by, by, by by;c,c,c,d 111 )
_ I(©)r(c—a—b; b, —by)

" I'(c—a)[(c—h, —b, —by)

N @qby)q-cra), t
2@

vy (1 c+a+b1+b2+b3)q q'

_I(c)r(c—a-b; —b, —bs)
" I'(c—a)l(c—b, —b, —b;)
a,byl-c+a ;
x3Fy
dl-c+a+b; +b, +bs;

This completes the proof of (2.1).

Remark 2.1. On taking b, =1-c+a+b +b,+b; in
(2.1), we obtain the following transformation formula:

Corollary 2.1. The following transformation formula for
K{4 holds true:

Ku(a,a,a,ab,b,, by 1+a—c+hb +b, +bs;c,c,c,d 111 1)

_Trc-a-b-b-b) _fal-c+a;
_F(C—a)l“(c-bl_bi_ba) 2':1{ d ;t] (2.2)
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Theorem 2.2. The following transformation formula for
K14 holds true:

Kis(a,a,a,¢5b,¢;,¢,,0;d,d,d,d;1,1,1,t)

_T(drd-a-b-c-c,) b,c; ;
" I(d-a)(d—b-c,—c,) zFl[d—a;t} @3)

Proof. From the definition (1.12) of K;,, we have

Kis(a,a,a,c5;b,¢1,¢,,0;d,d,d, d;111,t)

_ S (b)q(CS)q t

). o Fé3)[a,b+q,cl,cz;d+q;1,]ﬂ1].
q=0 q

Now, using (1.9), we have

Kis(a,8,8,¢5;b,¢;,6,,b;d,d,d,d;111,t)

_ w (b)q(CS)q tq

£ (d), o

><1“(d +q)I'(d+gq-a-b-qg-c, —c,)
rd+g-af(d+g-b-q-¢ -c,)

F(d)F(d a-b-c — cz)
" I(d-a)l(d—b- C - cz)

(b)q(c3)q t
s (d-a)q o

x| 2%
2Rl 4 5

This completes the proof of (2.3).

_I(d)r'(d-a-b-c, —¢,)
- I(d-a)(d-b-c,—c,)

Theorem 2.3. The following transformation formula for
K5 holds true:

Kis(a.a,a,bs; by, by, by, by;.c,0,CLLLY)

_TE)r(c—a—b—b,—bs)
[(c-a)(c—b, —b, —by)

(2.4)

‘oF, b4,b5,c—a—b1—b2—b3;t
c—a,c—b —b,—b; ;

Proof. From the definition (1.13) of K;5, we have

Kis(a,a,a,bs;by,b,, by, by;0,c,0,CL1LY)

i(m) (b5)q Fé3)[a,bl,b2,b3;0+q;lyl’l]-

Z (@), a

Now, using (1.9), we have

Kis(a,a,a,bs; by, by, by, by5c, 0, CLLL L)

_ S (b4)q(b5)q t
= (©q o

(Le+ql(c+q-a-b —b, —b;)
F(c+q-a)(c+q-b —b, -b;)

ZF(C)F(c—a—bl—bz—bg)
I'(c-a)l(c—b, —b, —b;)

xi(b4)q(b5)q(c_a_b1_b2 _b3)q tq
o (€-a)q(c—b —b, —bs), ¢

by, bs,c—a~by —b, —bs;
c-ac-b-b,-b ;

rmwm ab-b,-by)
“T(e_a)r (b b, by)

t

This completes the proof of (2.4).

Remark.2.2 On taking by =c—ain (2.4), we obtain the
following transformation formula:

Corollary 2.2. The following transformation formula for
K5 holds true:

Kis(a,a,a,c—a;by, by, by, by;c c.c,cL11 )

_T(©)T(c—a—b b, ~by)
F(c—a)T(c—b, b, - by)

b,,c—a—-b, —b, —bs;
F t]. )
X5 1{ C—by—b,—b, (2.5)

3. Applications

In this section, we derive certain summation formulas for
Exton's quadruple hypergeometric functions Kj;;,K;,and

K5 as applications of the results derived in the previous
section.

1. Taking t=1b,=c—b —-b,-b;,d=c in (2.1) and
using Dixon's summation theorem (1.8), we get

Ku(a a aaby,by,by,c—by —b, —by;c,c,c,c1111)

_TrErc-a-b—b,—bs)
[(c-a)(c—b, —b, —b)

T(1+3a)l(c)T(A+a-c+by +by +by)I (b +by +by -2 2)
“T(+a) {1+ La-c+b, +b, +by) T(c—La) (B, +b, +1y)

.(3.2)
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2. Taking t=1 in (2.2) and using Gauss's summation
theorem (1.4), we get

Ky (a,a,a aby,by, by, 1+a—c+b +b, +bs;c,c,c,d;1111)

_ T(e)'(c—a—b,—b, —by)I(d)I'(d +c-2a-1)
- I(c-a)l(c—b, —b, —b,)I'(d-a)l(d +c-a-1)

(3.2)

3. Taking t=1,
second summation theorem (1.5), we get

d=1+a-1c in(2.2) and using Gauss's

Kll(a,a,a,a;bl,bz,b3,1+a—c+bl+b2 +b3;c,c,c,1+a—%c;lll%)

_ T()r(c-a-b b, -b)I(5)I(L+a-3c)
T(c-a)(c-b-b,-b)rGa+Hra+ia-Lc)’

(3.3)

4. Taking t=%,c=2a
summation theorem (1.6), we get

in (2.2) and using Bailey's

Kll(a, a,a,a;b,by, by, 1+a—c+b +b, +hs;2a,28,2a,d ;LLL%)

_ T(2ar(@a-b-b, -b)rGd)r(;d +3)
“T@r(2a—b-b,-b)rd+lard-1a+l)

.(3.4)

5. Taking t=-1,d=c in (2.2) and using Kummer's
summation theorem (1.7), we get

Ki(a,a,a,a;b;,by, by, 1+a—c+by +b, +by;c,c,c,c111-1)

_ T(©r(c-a-b—b, ~b)F(©)r(L+La)
T(c-a)l(c-by—by —by)I(1+a) T(c-1a)’

(3.5)

6. Taking t=1 in (2.3) and using Gauss's summation
theorem (1.4), we get

Kis(a a,a,¢5;b,¢;,¢,,0;d,d,d, d;1,111)

_I'(d)r(d-a-b—-c, —c,)I'(d-a-b-cy)
- I(d-b-c¢ —c,)I(d-a-b)r(d-a-cy)

(3.6)

7. Taking t=%, d =%(2a+b+c3 +1) in (2.3) and using
Gauss's second summation theorem (1.5), we get

Kis(a,a,a,c3:b,¢,¢5,b; 3 (2a+b+c3+1), 3 (2a+b+c3 +1),
1(a+b+cz+1),3(a+b+cz+1), 3 (2a+b+c3 +1)111,1)

_TG Dl(@+3b+3c+ (G -3b+1c-¢ —¢y)
(;b‘*é)r(%% 2) (a—*b"' C3—C—Cot )

3.7)

Further, taking c; =a in (3.7), we get

Kis(a,a,a,a;b,c;,cy,b;3 (3a+b+1),1 (3a+h+1),
1(3a+b+1),1(3a+b+1)1111)

_ rGréa+ib+HrG
3
FGa+3)rGb+H)rE

a-ib-c¢ —c,+3)
a-zbh—c —c,+3)

(3.8)

8. Taking t=%,c3=1—b in (2.3) and using Bailey's
summation theorem (1.6), we get

Ku(a,a,al-bb,c,c,,b;d,d,d,d111 1)

_ T(dr@d-a-b-¢,-c,)r(kd-La)(
~T(d-a)r(d-b-c,~c,)I(Ed -La+1b)r(

-jar)
T TR)

N\H Nh—\
Nh—\

(3.9)

9. Taking t=-1 d=1+a+b—c; in (2.3) and using
Kummer's summation theorem (1.7), we get

Kus(a,a,a,c3;b,¢,C,,b1+a+b—c31+a+b—cs,
l+a+b-c3l+a+b—cg111L-1)

_T(l+a+b—cy)I(1—c; —¢, —C3)[(L+ 5 b)
S T+a—c,—Cy —C)I(L+1b—cy)I(AL+b)

(3.10)

Further, taking c; =a in (3.10), we get

Ki(a,aaab,c,c,b1+b1+b1+bl+b111-1)

_T(l-a-¢ —c))r(L+35b)
S T(-¢,—C,)I(l+1ib-a)’

(3.11)

10. Taking t=1 b, =1-a, by =1-b, —b, —b; in (2.4)
and using Dixon's summation theorem (1.8), we get

Kis(a,a,al-b —b, —by;y, by, by 1-a;c,¢,c,cLLLY)

_ T()l(c-a~by~b, ~by)I(l+5c-5a-5b —3 1b3)
T(c-)r+c-a-b—b, -b)(Sc+ a——bl 1h,)

FrGc+la+ib +1b, +3hy -1
« (Ge+ga+sb +5by +50,-0)

3.12
T(lc—3a+3b+1b, + 1by) (3.12)

11. Taking t=1 in (2.5) and using Gauss's summation
theorem (1.4), we get

Kis(a,a,a,c—a;by, by, bs,h5cc,0,¢ 1,1, 1, 1)

Page 52

EJUA-BA | March 2020



Pages 49 - 53

Transformation and Summation Formulas for Exton's Functions Ki1, K12 And Kis

_T(Or(c—a~b —b, ~by)r(a—b,)
T(c-a)r(c—b —b, —by—b,)l'(a)

(3.13)

12. Taking t=-1b, =1—a in (2.5) and using Kummer's
summation theorem (1.7), we get

Kis(a,a,a,c—ab,b, b 1-accocc 111 1)

(O e-a-h b, -b)I(+1c-}a-1b-1b-1b)

T(c-a)(l+c-a-b-b,-b,)'(;c+3a-7b -3b, ;b))

(3.14)

Conclusion

In the present paper, we derived a transformation formulas
for Exton's quadruple hypergeometric functions K,;, K,
and K;5. Furthermore, as an applications of our main
formula, we have present certain summation formulas for

K11, Ki4 and Kys. The results are derived by using the
method of series manipulation with the help of the well-
known classical summation theorems. The method used in
this paper can be applied to derive certain transformation

and summation formulas for other hypergeometric
functions given in the literature.
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