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Abstract

This paper studies the effect of the wave function parameters on the density of 87Rb atoms laser. The
density equation has been derived through the use of Thomas-Fermi approximation, Green function and the
stationary phase approximations. We investigated the change of density behavior with the effect of Rabi
frequency, period of output coupling and detuning frequency. Consequently the number of released atoms
can be controlled by determining the suitable parameters necessary for producing the best atom laser beam.

Keywords: Bose-Einstein condensation, Atom laser, Quantum optics, Matter wave.

1. Introduction

The experimental realization of a Bose-Einstein
Condensation (BEC) in 1995 [1-3] has raised a lot of
interest in creating coherent atomic beams using such
condensates [4]. The experimental setup based on Bose
Einstein condensates that produces coherent atomic
beams is now called atom laser [4]. When the atoms of
the condensate are extracted from a trap, they form atom
laser beams [5, 6] and subsequently the size of
condensate shrinks [7]. The basic operation of an atom-
laser outcoupler for magnetically trapped condensates is
a coupling between the trapped and untrapped states
using either radio frequency (rf) or Raman transitions [8].
Most atom lasers have been produced experimentally
using a radio-frequency rf coupling to produce the radio
frequency atom laser [1, 9, 10]. The rf atom laser is
produced by two types, a continuous atom laser which is
based on continuous refilling of the condensate and a
pulse atom laser whereas the condensate is periodically
refilled and slowly released [11]. In this paper we deal
with the quasi-continuous output which is produced by
using a rf field that continuously couples atoms into a
falling state due to gravity. The density of 87Rb atom
laser represents the main objective of this study. The
wave function parameters including the Rabi frequency,
the period of output coupling and detuning frequency
that really affecting the density of atom laser have been
studied. This study looks to be the first one carried out
for these parameters.

2. Condensation Model

The main component of the atom laser is the Bose-
Einstein condensate (BEC) of dilute alkali vapors which
acts as the lasing mode, where the output beam is coupled
to the lasing mode via transfer internal state of atom from
trapped into untrapped state [12]. Considering the system
consists of 8Rb atoms which can develop a
macroscopic population of lowest energy state under a
critical temperature T, [5]. The atoms are confined in a
harmonic magnetic potential:

1
Virap = EM(w,%xz + w?y? + wiz?). (1)

where M isthe atomic massand w,, w, are frequencies
of trap. The radio frequency magnetic field can induce
transitions between states of hyperfine-manifold F = 1.
The macroscopic wavefunctions of 2F +1 Zeeman
sublevels are:

Y = V' exp [-im Wrf t], 2

where m € {—F,....,F}. Often in experiments, loffe-
type traps are usually elongated in the horizontal plane
being axial symmetric in the remaining directions.
Considering y and z are the directions of radial
confinement and x is axial confinement. In this system,
the outer atoms depend on rf outcoupling can be
described by Gross — Pitaevskii equations(GPE) as
follows [4, 11]:
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where
Verrm(x,t) = sign(gp)im Mw?r?+ mhé,;

+Mgz + Ul (r, O)]1%, (4)

V' = VYmm'+1 T Ymm’—1) and y is delta function. An
energy term, U Il y(r, t) II? is expressed as (twice) the
mean-field energy of the system and plays a fundamental
role in its dynamics with the interaction coupling
constant U = 4mh? N a/M, where a is the s-wave
scattering length and N is initial number of atoms in the
system. The total atomic density divided by N is
indicated by | Y(r,t) 1= X [Ym(r, t)|*> . The
amplitude of the untrapped wavefunction remains small
compared to the condensate wavefunction amplitude by
using the assumption of weak coupling [4, 10, 11, 13].
The rf outcoupler is described by the coupling constant:

hQrf = gF.uBohrBrf/\/j' (5)

which denotes to the Q,., Rabi frequency obtained due
to the field B, for a Lande factor gp_, = —1/2. This
paper studies hyperfine-manifold F = 1 for producing
the atom laser, the transition from the magnetically
trapped |1, —1) state to the untrapped |1,0) state. The
detuning of two states from the bottom of the trap:

hérp = sign(m)(Vors — hawyy) (6)

where w,f is the frequency of B,.;. Gravity causes a sag
in the BEC away from the trap centre at z = 0 which
depends on M and is given by zy,, = g/|m|w?}. The
offset of the trapping potential is denoted by V, ., for the
m = 0 condensation in the geometrical center of the trap
[4,11, 14, 15]. In the Thomas-Fermi (TF) approximation,
the time dependent ground state of energy u ( the
chemical potential) is:

¢4 (r,t) = /5 [1 -7 - 22, (7)

where 72 = (x/x0)? + (¥/v0)% 2% = (2z/2,)? and
Xo =+ 2u/Mw? and 1y, =z, =+/2u/Mw? , those
represent dimensions of the condensation at the
frequency of trap w = (w, w?)Y3 . The chemical
potential is given by

_ h_w 15aN 2/5 (8)
== Jr/Mw )

At the time dependence of chemical potential p, each of

the condensate ground state of wave function & (¢t) and

the (BEC) dimensions x,,V,,z, decrease with N(t)
[5,14].

Significantly, and upon studying the propagation of the

atom laser, the effective parameters are really
quantitative parameters which depend on a limited
certain values of other parameters (i. e. they depend on
the population of atoms in each region). In this paper, the
typical values corresponding to the situation of [7, 14]
have been taken: N = 7.2 X 10°atoms initially, w, =
2w X 13Hz and w, = 2w X 140Hz.

3. The wavefunction of Radio Frequency atom laser

The atoms of BEC for F = 1 are extracted from the
trap by process of rf output-coupling, the rf-outcoupler is
described by the energy of detuning %6, and also the
term coupling related to the Rabi frequency AQ, . The
external potential in untraping coupling system is
gravitational potential V,,. = M g z. Under the rotating
wave approximation in the hyperfine level, the GP
equations which express this system are written by
formula:

., 0P p?
ih %5t = [T+ 16y Verap + Ul s

hQy
+ Tf Yo, 9)

O 2
lfl?— 2M+MgZ+U|1/)_1| ]1,[}0

hQ,
+ Tfl,b_l. (10)

To produce output coupling wave function of Radio
Frequency atom laser, TF approximation can be used to
solve Eq.(10) when dealing with the mean-field term as
only a perturbation term compared with gravity. The
leading term is therefore the gravitational potential.
Therefore, the spatial variations of the mean-field
potential can be neglected and consider the following
approximated Hamiltonian [14]:

PZ
Hy = E+Mgz]. (11)

By using Green function for solution, the wave function
can be formulated by:

QT ! ! ! r ! '
po(r,t) =—L [ dt' [ d*F'Go(r, 61, t) Yy (r', 1),
(12)

where (r,r") represents two different points of the
correlation length of the rf atom laser at the time interval
T=(t—t"). The coupled GP equation of untrapping
state can be written by Green propagator:

[m% - HO] G(r, ;1) = 8(r — r)6(7). (13)

The Green function can be expressed by the matrix
element of operator U, between position eigenstates at
the time interval (¢t —t") as [16]:

G(r,1';7) = Z(r|Us (D)), (14)

where
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Uy = exp[—i Hy(7)/] (15)

is a time-evolution operator or propagator. The explicit
expression of the propagator G of H, can be formulated
as:

G(r,r’;7t) = Cexp [—i %f;’ H, dt] 0(1), (16)

M \3/2 . .
where C = (Znh‘r) , 6(7) is the step function. After

using the path integrals, the Green function is obtained
as follows:

G(r,r';7) = C expliS,qss (v, 1, 7)] 0(7), )

where the classical action is given by:
Setass (LY, T) = C?R[(r =12 + g2 (z+2')
—-g*t*/12]. (18)

The output wave function ¥, is computed by stationary
phase approximations. Therefore, it can obtain the
following expression for the outcoupled atomic
wavefunction:

A(T ), Zyest—t ) 2 .
Po(r,t) = Tt e op [2 110,172, (19)

[Cres|4
where
N
A(rJ_' Zres) U — tfall) = Tgrl ao(t) ¢—1(TJ_' Zres) t)
D(t, trqu) exp[—iE/h], (20)

ag(t) = /(N —N_;(t))/N [6] and E is an energy of
system. This equation represents the atom laser mode,
Zres = (—h 8,p + u(t))/M g is the point of extraction,

trau =/ 2(Z + Zyes)/g is the time of fall from this
point, | = 3/h2/2M?g is a length scale, (o = Z+j”5
and D(t,trqy) is unity if 0<tg,; <t and zero
elsewhere: it describes the finite extent of the atom laser
due to the finite coupling time [14]. The density of atom
laser propagation is defined through the wavefunction
equation by:

Po = |1p0|2 = A(Ty) Zres, t — tfall)z Kresl_l/z-
(21)

This expression shows that the density depends on the
Rabi frequency, the output coupling period, the detuning
frequency and others. Therefore, we study the effect of
these parameters on density of atom laser propagation in
z direction towards the gravity.

In Fig.1, the curves show the change of density versus
square Rabi frequency at various values of detuning
frequency, output coupling period and the number of
atoms in the BEC N. The variable exponential behavior
of the density is illustrated in Fig.1(a) at the different
values of detuning frequency. The unevenness of curves
in the figure is subjected to the distribution of atoms in
the BEC, the number of atoms in BEC accumulates in the

center and decreases towards the boundaries. From this
figure, when square Rabi frequency increases, the
number of outgoing atoms N, also increases, so density
raises exponentially until specific limit against a certain
value of Q7 which is able to extract Ny ~ N. At this
point, the occurrence of the negative effect on the density
can be observed. In all figures of density, the inset figure
shows the small values of density in each figure.
Fig.1(b) displays the relation of density at § = 0 kHz
(N is the largest) versus square Rabi frequency at
different values of the output coupling period. The curves
reveal the reverse effect of output coupling period on the
density behavior at the values ranging between (10 —
100)ms. This approve the presence of inverse
proportionality between output coupling period and
square Rabi frequency. From Fig.1(c), it is noted that if
the total number of BEC atoms increases, the density
behavior decreases. This indicates that the interaction of
atoms with each other (the collision) and with the
remaining atoms in BEC increases and the dispersion of
the outgoing atoms occurs [17].

From Figs.2, itis observed that the relationship between
density and output coupling period is similar to that of
square Rabi frequency except that the density decreasing
exceeding those observed in square Rabi frequency
curves. in fact, this occurred because the output coupling
period affords an opportunity for the outgoing atoms to
interact with each other (the collision) and with the
remaining atoms in the condensation more than those
happened in square Rabi frequency relation with density.

The negative values of detuning in Figs.3 represent the
bottom region of the BEC and the positive values of
detuning represent the top region of the BEC while at
6 = 0kHz value represents the region around the
center. It is clear that the peak of curves for large values
of Rabi frequency is not at § = 0kHz, this indicates the
asymmetric distribution of atoms in the condensation [7].
The three dimensional diagrams of density at certain
values for the wavefunction studied parameters are
shown in Fig.4 at 6, = 0kHz and &,r = 10kHz .
Table.1 summarizes the peak density when the parameter
value is changed in relative to the other parameter values
used in the experiments.

Table 1: The peak of density

5,,(kHz)|o|3|5|8|10

6.1419

2.06283 | 0.630326

FONGUE RN 105.11 | 8.71327

(2 B 200 | 312 | 500 | 700

PONEUETRON 1556 | 105.11 |434.15(11263.8

t (ms) 10 20 50 | 100

PONEUETRON 4692 | 10511 |159.93 [1799.55

N(10°atoms) [ 1 7.2 50

Pp (€OE N 5207.24 | 586.18 |105.11| 7.3

EJUA-BA | September 2022

185



EJUA Electronic Journal of University of Aden for Basic and Applied Sciences

Vol. 3, No. 3, September 2022

Alnadary, AlKelly and Alsarhi Pages 183-189

https://ejua.net

4. Conclusion

In this work, the studied system was based on
quantitative values of wave function parameters. More
precisely, when certain value of the square of Rabi
frequency is determined, this value must be
proportionate with the energy and the number of atoms
localised at a certain extraction point against a certain
detuning frequency for the limited period of output
coupling.

Our results show that the density behavior of atom laser
directly proportional with the square of Rabi frequency
and inversely proportional with the period of output
coupling, detuning frequency and the total number of
BEC. This proportionality depends on the distribution of
atoms in the condensate undergoing the Thomas-Fermi
distribution. The best region for the best density is the
region around the condensate center.

From this research it can be concluded that there is a
possibility for controlling the number of released atoms
by determining the suitable parameters necessary for
producing the best atom laser beam which is mainly used
in a many wide applications such as atom optics, atom
interferometers and precision measurements.
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Fig. 1: The effect of the Rabi frequency on the density.
(a) At certain values of detuning frequency, (b) at certain
values of output coupling period and (c) at certain values
of N number of atoms.
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Fig. 2: The effect of the output coupling period on the
density. (a) At certain values of detuning frequency, (b)
at certain values of Rabi frequency and (c) at certain
values of N number of atoms.
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Fig. 3: The effect of the detuning frequency on the
density. (a) At certain values of Rabi frequency, (b) at
certain values of output coupling period and (c) at certain
values of N number of atoms.
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Fig. 4: 3D diagrams for density at certain values for the
wavefunction studied parameters: (a) at § = 0kHz and
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