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Abstract

In this paper, we study the generalized Ky-quad recurrent Finsler spaces of fourth order with a non-metric

Finsler connection. We obtain the expressions of the fourth order recurrent curvature tensor and the h-fourth
order recurrent curvature tensor. We also study the properties of these tensors and obtain some interesting

results.
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1. Introduction

Finsler spaces are a generalization of Riemannian spaces.
They were introduced by Finsler in 1924. A Finsler space
is a manifold M equipped with a Finsler metric F, which
assigns to each point p € M and each non-zero tangent
vector x € T,y a non-negative real number F(p, x). The
Finsler metric F is a generalization of the Riemannian
metric. In a Riemannian space, the metric is given by a
Riemannian tensor G, which assigns to each pointp € M
a symmetric, positive definite bilinear form G,: Tp,M x
Tp,M — R . Recurrent Finsler spaces were introduced by
Chern in 1936. A Finsler space F is said to be recurrent
if there exists a non-zero vector field V such that the
following condition holds: Vy,=kV , where V is the
Finsler connection, k is a scalar function, and V is a
vector field. Second order recurrent Finsler spaces were
introduced by B. S. Yadav and U. C. Pandey in 1984. A
Finsler space F is said to be second order recurrent if
there exists a non-zero vector field V such that the
following condition holds: Vy,= k,V + k,H , where V is
the Finsler connection, k, and k, are scalar functions, V
is a vector field, and H is the h-vector field. Generalized
recurrent and birecurrent affinely connected spaces have
been studied by a number of mathematicians ( see [2],
[31, [41, [5], [10], [11], [12] and [13]) and there is a rich
body of literature on this topic. Some of the key
researchers in this area include ( see [1], [6], [7] and

[13]):

Berwald [8] defined covariant derivative for his
connection parameter G}k. Thus Berwald’s covariant
derivative Bij" or ji(B) of an arbitrary tensor field Tji
with respect to x* is given by [14].

(1Y) T = T} = (9,T})Gk + T} Gy — TGy -

Berwald’s covariant derivative of the metric function F,
the unit vector #¢ and vector x* vanish identically, i.e.

(12) @ Fgp=0, (b) €4 =0 and (c) xf) =0.

In general, Berwald’s covariant derivative of the metric
tensor g;; doesn't vanish and is given by ( see [9] )

(1.3) gijay = —2Cijpx"™ = =2x"Cijiqny -

The tensor C;j is called (h) hv-torsion tensor, defined
by [14]

(L4)  Cipe =50kgi; = 5 0x0:0;F2.
The tensor Cjik is the associate tensor of C;j, defined by
(1.5) (a) Cisk =Clgis and (b) Cige g7t = C .
This tensors satisfy the following identities
(1.6) (@) Cijpx' = Cyur' = Cyyjx' =0 ,

(b) Gt =Ciyi* =0, (© Chai=0,

@) ¢, =¢ and € Chg'=ct.

The vectors x;, ¢ and the metric tensor gij (x, %) satisfy
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i _ ok (1 if j=k
w7 @ gyg*=e={y i 1ok,

© g g™ =& =n,
(e) %! = F?

(b) 5ﬁgik = Ghk »
@) 8hg"™ =g* ,
(i) & =gy (x, %)%/

The tensor K]lkh is called Cartan’s fourth curvature

tensor, it is positively homogeneous of degree zero in x¢,
which defined by

K = 0nTit + (05 TG + Tt Tk — h/k .

The curvature tensor Kjikh is skew-symmetric in its last
two lower indices, i.e.

(1.8) K]lkh =- K]Lhk

The associate curvature tensor K;j., of the curvature
tensor K}, is given by
(1.9) Kijkn = 9rj Kikn -

The  tensor Kjikh and its associate  curvature
tensor K; ., satisfy the following relations:

(1.10) (@) Kijkn + Kijnk = —2CijsHpy,
(0) Kjikn + Kjin + Kinki + 257 (CjisKpe +
CirsKsin + CinsKi) = 0,
(©) Ky +Kij +Kipj =0 and
(d) Kjikn + Knijie + Kiinj =0
The Ricci tensor Ky, , the curvature vector K; and the
curvature scalar K are connected by
111) @ Kii=Kx . (0) Kpi*=K
and (©) K g’* =k .
Berwald curvature tensors of }kh , the h(v)-torsion

tensor H, and Cartan’s fourth curvature tensor kah are
connected by

(112) (1) jikh = jikh+xm(ajKrl;1kh)
and (0) Kip %/ = Hiy |

where the tensor Hjy, is called h-curvature tensor of

Berwald and the tensor H,, is called h(v)- torsion tensor
and defined as

(1.13) (a) Hjikh = athik + Gy L GijnGE —h/k*
and (b) Hi, = 0,GL + GLGL, — h/k.

The curvature tensor of Berwald J-ikh and the h(v)-
torsion tensor H_., are related

(114) (@) 0O.Hip=Hiy and (b) Hpgt/ = Hiy -

The tensor H. called the deviation tensor, given by

(1.15) (@) Hi=28,G'— 08, GLx° +2GL,G° — GiGs and
(b) Hix* =—Hix*=H].

H-Ricci tensor Hj , curvature vector H, and the

curvature scalar H are connected by

(116) (&) Hj =Hy . (b) HL = H

J
and

- 1 r
(c) H= oD H .

The above tensors also satisfy the following:

(117) @ Hingmy + Hykeny + Himaiy = 0.
(b) Hin = OiHj, (©) Hppx*=H, ,
(d) Hpx*=(n-1DH , M xH=0 |,
©) gijHi = gucHj and (h) Hpx — Hin = Hip -

2. A Generalized - K gy Quad — Recurrent in
Finsler space

Let us consider a Finsler space F, for which Cartan’s
fourth curvature tensor Kj"khsatisfies the
generalized recurrence  property  with  respect to
Berwald’s connection parameter GLj,, i.e. characterized

by the following condition:

(2.1) Kjikh(l)(m)(n)(s) = Qs Kjin + bunns (85951 — 61.9jn)
— 25" dyyn (84 Cjies — 6lichhs)(r)
= 22615 (8}, Cjien = 6k Cjnm)
— 259Dy (84, Cjren, — 6IiC}hn)(q)(S)
— 22PN 15 (8h Cjiem — SIithm)(p)
= 2P a1 (8, Ciiem — 8 Cinm) 1)
— 2P 15(84,Citem — Slic}hm)(p)(n)

= 227y (85, Cjrem — 6Ilchhm)(p)(n)(S) .

where Aimns = Cimn(s) T Cimn As and  bypns =
CimnUs + dimn(s) are non-zero covariant tensor field of
fourth order, 0,5 = b5y and Ny = A () @r€ NON-—
zero covariant tensors field of third order, ¢;s= () Is
non-zero covariant tensor field of second order,
(D (m)(n)(s) is Berwald’s covariant differential operator
with respect to x!, x™, x™ and x°%, respectively, is
covariant derivative of fourth order in sense of Berwald.

Definition 2.1. A Finsler space F, for which Cartan’s
fourth curvature tensor Kj"kh satisfies the condition (2.1)
will be called a generalized K z)- quad recurrent space,
where a;,ns and by, are non-zero vectors field and the
tensor will be called generalized B — quad- recurrent
tensor. We shall denote such space and tensor briefly as
GK(g - QRF, and GB - QR , respectively.

Lemma 2.1. Every generalized K z)-recurrent in Finsler
space is generalized Kg)-quad recurrent in Finsler
space.
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Contracting the indices i and h in (2.1), using (1.7c) and
(1.11a), we get

(22) Kjk(l)(m)(n)(s) = Qimns Kjk + (n - 1) { blmns Ijk —
zxrdlmns Cjks(‘r) - zxqglms Cjkn(q) - 2jcqblm Cjkn(q)(s) -
zxpnlnscjkm(p) - zxpaln Cjkm(p)(s) - pr(pls Cjkm(p)(n) -
237U Cirmmy )} -

Theorem 2.1. In GK - QRF,, Berwald's covariant
derivative of the fourth order for the K—Ricci tensor Kjy
is given by (2.2).

Transvecting the condition (2.2) by x* , using (1.2¢),
(1.11b) and (1.6a), we get

(23) Kj(l)(m)(n)(s) = Qimns K] + (n = 1) bynns jCj .

The equation (2.3), shows that, the curvature vector K;
can’t vanish, because the vanishing to would imply
bynns = 0, a contradiction.

Theorem 2.2. In GK5y- QRF, , the curvature vector K;
is non-vanishing.

Transvecting condition (2.1) by %/ , using (1.2c),
(1.12b), (1.7i) and (1.6a), we get

(4)  Hinwyomyms) = UmnsHin + bimns (Sh%e — 8itn) -

Transvecting (2.4) by x* , using (1.2c), (1.15b), (1.7d)
and (1.7e), we get

(25) Hfll D(m))(s) — almnSH,il + blmns((sll:LFz - xlxh) .
W) (s)
Thus, we conclude

Theorem 2.3. In GK - QRF,, Berwald’s covariant
derivative of the fourth order for the h(v)-torsion tensor
H}, and the deviation tensor H}, is given by (2.4) and
(2.5), respectively.

Contracting the indices i and h in the equations (2.4) and
(2.5), using (1.16b), (1.16c), (1.7i) and (1.7c), we get

(26) Hk(l)(m)(n)(s) = ApnunsHy + (M — 1) bymnsXi
(27) H(l)(m)(n)(s) = Qmns H+ (n — 1)blmnsF2 .

The equations (2.6) and (2.7), show that, the curvature
vector H, and the curvature scalar H can't vanish,
because the vanishing of any one of them would imply

bymns = 0 , a contradiction.

Theorem 2.4. In GK (- QRF, , the curvature vector Hy
and the curvature scalar H are non-vanishing.

Interchanging the indices n and r in equation (2.4) and
subtracting the equation obtained from (2.4), we get

(28) Hynymymys) ~ Hinwmys m
= (Qmns — Umsn) T BPrmns — blmsn)(é‘flzxk - 5;{56,[) .
If the recurrence covariant tensor field of fourth order

bimsn 1S Symmetric in third and fourth indicator, then
above equation can by writing as

(2.9) Hin@yimymys) ~ Hinwyemys)amy
= (almns - almsn)Hchh .
Theorem 2.5. In GKy- QRE,,if the recurrence

covariant tenser field of fourth order by, is Symmetric,
the commutation formula Berwalds covariant
derivatiation is given by identity (2.9).

Adding the expression obtained cyclic change of (2.9),
with respect to the indices k, h and [ and using (1.17.a),
we get

(Henwyamm e ~ Henam s m)
+(Hniomym s ~ Hrutomsm)

i i _
+ (Hiemymyms ~ Hikawmmsm) =0

using (2.9), in above equation, we get

(210) (almns - alrr}sn)H}ich + (akmns - akmsn)H)ill
+(@rmns — Armsn)Hf = 0 .

Corollary (2.1). In GKy- QRFE,,if the recurrence
covariant tensor field of fourth order by, is Symmetric,
the h(v)-torsion H:, satisfies identity (2.10).

By cyclic rotation of the indices k ,h, 1 and m in (2.10),
we get

(211) (C_lhlns - ahlsn)H‘rink + (amlns - amlsn)HIich +
(aklns - aklsn)H}ELm =0,

(212) (akhns _ akhsn)Hlim + (alhns - alhsn)H::nk +
(@mhns — Cmrsn)Hig = 0

and

(213) (amkns - amksn)H}ill + (ahkns - ahksn)Hlim +
(Qikns — Quiesn)Hipp = 0.

By using the skew-symmetric property of the h(v)-
torsion tensor Hy,, in its lower indices and adding (2.10),
(2.11), (2.12) and (2.13), we get

(214) [(almns - almsn) + (_amlns - amlsn)] Hlich +
[(ahlns - ahlsn) + (alhns - thsn)] Hrlnk + [(akhns -

Agnsn) T (Apins — aﬁksn)] Hle + [(amkns — Qmisn) +
(Akmns — flkmsn)]H}LLl + [(@hmns — Armsn) — (amhn.s -
amhsn)]HlLk + [(aklns - aklsn) - (alkns - alksn)]H}le =0.
If the recurrence covariant tensor ag,,s IS Symmetric in
first and second indicator, then above equation can be
written as

(215) (Aimns — Amsn) Hlich + (Amins — Amksn) H}ill
+(aknns — Akhsn) Hlim + (Ahins — Ahisn) H-rink =0.

Theorem 2.6. In GKg)-QRFE,,if the recurrence
covariant tenser field a;,,, is sSymmetric, than the h(v)-
torsion tensor H., satisfies the identity (2.15).

If the recurrence covariant tensor a;n,s IS Skew-
symmetric in first and second indicator, then equation
(2.15) can be written as
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(216) (ahmns - ahmsn) Hlik + (aklns - aklsn) Hiilm =0.

Corollary (2.2). In GK - QRE,, if the recurrence
covariant tensor field a5 is skew-symmetric, then the
h(v)-torsion tensor Hj, satisfies the identity (2.16).

If the recurrence covariant tensor field of fourth order
bimsn 1S Skew-symmetric in third and fourth indicator,
equation (2.8) can by written as

217)  Higymymys) ~ Hnmms)m
= (almns - almsn) Hlich + 2blmns (5fllxk - 6Il<xh) .

Corollary (2.3). In GKy- QRE,, if the recurrence
covariant tensor field of fourth order is skew-symmetric,
the commutation formula Berwald’s s covariant
derivative is given by (2.17).

Contracting the indices i and I in (2.10), using (1.16b)
and (1.15b), we get

(aimns - aimsn)Hllch + (akmns - akmsn)Hh -
(ahmns - ahmsn)Hk =0,

above equation can be written as

1

(2.18) Hlich = [(@nmns — Anmen) Hy —

(aimns —@imsn)
(akmns - akmsn)Hh] .

Theorem 2.7. In GK - QRE,, if the recurrence
covariant tensor field of fourth order b;,,,, is Symmetric,
the h(v)-torsion H:, defined by the formula (2.18).

3. A Generalized K — QR — Affinely
Connected Space

Affine connection spaces, introduced by Elie Cartan, are
fundamental in differential geometry. A parallel
transport mechanism allows for vector comparison along
smooth curves. This concept is essential in general
relativity and theoretical physics. Generalized affine
connected spaces, also known as Finsler spaces with a
linear connection, extend the notion of affine connection
spaces by incorporating a Finsler metric. This metric
introduces a non-Euclidean measure of distance between
points, generalizing the standard Euclidean distance
employed in affine connection spaces. The interplay
between the Finsler metric and the linear connection in
these spaces gives rise to intriguing geometric and
dynamical properties.

In this research, we explore the intricate world of
generalized affine connected spaces. We aim to unravel
their unique characteristics and uncover the profound
connections they hold with other mathematical
frameworks.

Definition (3.1). A finsler space F, whose connected
parameter G}k is independent of X¢ is called an affinely
connected space (Berwald space), thus an affinely

connected space is characterized by any of the following
equivalent equations:

(31)  Ghp=0 and (32) Cyxp=0.
Remark (3.1). The connection parameters of Cartan and

Gjik of Berward coincide in affinely connected space and
they are independent of directional argument i.e.

(33) (@ 9GL,=0 and (b) 9;GTi, =0 .

Remark (3.2). In an affinely connected space Berwald's
converiant derivative of the metric tensor g;; and its

associate g% are vanish [R], i.e.

(3.4) (@ gijo=0 and (b) g(i{) =0 .
In view of (3.4a) and (1.3), we get

(35) XlCijk(l) = 0 .

Definition (3.2). The generalized K g)-quad-recurrent

space which is an affinely connected space [satisfies any
of the conditions (3.1), (3.2), (3.3a) and (3.3b)] will be
called a generalized Kgy-quad-recurrent affinity

connected space and will be denote it briefly by GK -
QR - affinity connected space.

Remark (3.3). It will be sufficient to call the tensor
which satisfies the condition of  GK5y- QR- affinity

connected space as generalized B — QR tensor (briefly
GB — QR).

Let us consider a GK 5)- QR- affinity connected space. In
view of (3.5), the condition (2.1) becomes

(36) Kjikh(l)(m)(n)(s) = almnsKjikh + blmns (afilgjk - SIic.gjh) :

Transvecting (3.6) by g;p, using (1.7b) and (1.9), we
get

(BT Kpknme ) = GimnsKipkn
+bunns(Grngjk — 9rkdjn) -

Theorem (3.1). In GK - QR- affinity connected space,
the Cartan's fourth curvature tensor K]-"kh and its
associative curvature tensor Kj, ., are Ggy — QR .

Differentiating equation (1.10c) and (1.10d) covaraintly
with respect to xf x™ x™ and x5
in sense of Berwald,using (3.6), (3.7) and the
symmetric property of the metric tensor, we get

(3.8) Amns K]lkh + almnsKlihj + almnsK}iij =0.
(3.9) almnSKjipkh + almnSKjipkh + almnsKjipkh =0
or

(3.10)  Kfin + Kinj + Kij =0 .

(3.11) k!

okn + Kipien + Kjpien = 0, Where agp,s # 0.
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Theorem (3.2). In GK5)- QR-affinity connected space,

the Cartan's fourth curvature tensor Kj, and its
associative curvature tensor Kj,,, satisfey the identity
Bianchi.

Contracting the indices i and h in (3.6), using (1.7¢) and
(1.11a) we get

(3.12) Kjk(l)(m)(n)(s) = almnsKjk + (n = Dbymns Gjk-

Transvecting (3.12) by g’*, using (1.11c) and (1.7¢),
we get

(3.13) K(l)(m)(n)(s) = QyunsK +n(n — 1) bypns -

The equations (3.12) and (3.13) show that the Ricci
tensor Kj, and the scalar curvature K cannot vanish,
because the vanishing of any one of them would imply
bynns = 0; a contradiction.

Theorem (3.3). In GK5)- QR-affinity connected space,
the Ricci tensor K, and its scalar curvature tensor K are
non-vanishing.

Transvecting (3.6) by x/, using (1.6) and (1.12b), we
get

(3-14) Hlfch(i)(m)(n)(s) = almnsHll;rh + blmns(é‘}ixk -
Skxn) -

Contracting the indices i and & in equation (3.14), using
(1.16b), we get

(3.15) Hk(l)(m)(n)(s) = AemnsHin + (0 — D bypns X

Transvecting (3.15) by x* , using (1.16c), (1.7i) and
(1.7c), we get

(316)  Huymyay(s) = AmnsH + bimns F2 .

The equations (3.15) and (3.16) show that curvature
vector Hg and curvature scalar cannot vanish, because
the vanishing of any one of them would imply b;,ns = 0.

Theorem (3.4). In GK5)- QR-affinity connected space,
the curvature H, and the curvature scalar H are non-
vanishing.

Transvecting (3.14) by g**, using (1.7d) and (1.7i), we
get

(317)  (Hingd"™ wyamyimyes) = GumnsHin 9" -

Theorem (3.5). In GK5)- QR-affinity connected space,
the tensor H}, g*" behaves as quad-recurrence.

Differentiating (1.17a) covriantly with respect to x™,
x™and x°, we get

i i
(Hkh)(z)(m)m)(s) + (th)(z)(m)(n)(s>
+(Hi) mymymys) = 0 -

Transvecting above equation by g*", we get

i kh i kh
(Hind™) iy myms) + H9*™) 1y my iy )

+(Hix 9™ ymymys) = 0 -
Using (3.17) in above equation, we get

(318) Aimns Hlihgkh + akmnsHll:ngkh + ahmnsHlikgkh
=0.

Contracting the indices i and [ in equation (3.18) using
(1.7d), we get

aimnsH}ichgkh + akmnsthkh - ahmnsHkgkh =0
or

aimnsHlithgkh = ahmnsHkgkh - akmnsthkh-
Above equation can be written as
(3.19)  Hjng"" = (ahHxg"" — ajHng*")
where aj, = “mms angd qf = Hmns

Theorem (3.6). In GKg)- QR-affinity connected space,

the tensor H.,g*" satisfies the identity (3.18) and
defined by formula (3.19)

By cyclic rotation of the indices k, h, I and m in
(3.18), we get

(3-20) amknsH}?lgkh + ahknsHlimgkh
+ Qppns Hipp g™ = 0 .

(3-21) akhnsH;mgkh + alhnerinkgkh
+ amhnsHILclgkh =0.

(3-22) ahlnerin_kgkh + amlnsHlichgkh
+ aklnerlegkh =0.

By using the skew-symmetric property of the h(w) —
tersion tensor H:, in its lower indices and adding
(3.18), (3.20), (3.21) and (3.22), we get

(3-23) (almns + amlns) Hlichgkh )

+ (amkns + akmns).Hilllgkh + (akhns + ahkns) H.llmgkh
+(ahlns + alhns) Hrlr_lkgkh + (ahmns - amhns) Hllkgkh
+ (Aukhs = Akins) Hpng" " = 0 .

If the recurrence covariant tensor a;,,s iS symmetric in

the first and second indicator, then the above equation
can be written as

(3.24) almnsHlihgkh + amknstizlgkh
+ AnnsHim ™ + apinsHppeg ™ = 0 .

Theorem (3.7). In GK5)- QR-affinity connected space,
if the recurrence covariant tensor a;,,s iS symmetric,
then the tensor H}., g*" satisfies the identity(3.24).

And if the recurrence covariant tensor a;,,s is skew-
symmetric in the first and second indicator, then equation
(3.23), becomes

(3-25) ahmnsHlikgkh + alknerinhgkh =0

EJUA-BA | June 2024

177



EJUA Electronic Journal of University of Aden for Basic and Applied Sciences

Vol. 5, No. 2, June 2024

Al-Qashbari and Saeed Pages 173-179

https://ejua.net

Corollary (4.2.1). In GK)- QR-affinity connected
space, if the recurrence covariant tensor a;,,s is skew-
symmetric, then the tensor Hi,g*" satisfies the
identity(3.25).

By cyclic rotation of the indicesl, m, n, k and h in
(3.24), we get

(326)  AmnsHug™ + apnicsHimg™"
+ ApiiesHin 9" + QmiesHin g " = 0 .
(327)  @unsHimg"" + aansHing™"
+ Qs Hin 9" + Qs Hig g = 0 .
(328)  AnisHmn g™ + apnusHineg™"
+ Qs Hen g™ + apiasHim g™ = 0.
(329)  ApmsHue g™ + @ipmsHing™"
+ Gpams Hin 9" + Genms Hing*" = 0 .

And adding (3.24), (3.26), (3.27), (3.28) and (3.29),
we get

(330) [(almns + alnms) Hlihgkh
+ (amkns + amnks) Hfillgkh
+ (Annks + Qhiens) Himg""
+ (@ians + Ainis) Hinng™"
+ (ahmls + ahlms) Hrizkgkh]
+ [ankmsHiillgkh + akhmsHlingkh
+ almthiizkgkh + anmlsHlihgkh]
+ [akhnsHlimgkh + ahlnerinkgkh
+ amnhSHIiclgkh]
+ [anes Hin g ™ + @imies Hin g™
+ anklsHiilmgkh] =0

If the recurrence covariant tensor a;,,s is symmetric in

first, second and third indicators, then the above equation
can be written as

(3-31) Z[amnksHlillgkh + ankthlimgkh + akhlerinngkh

+ ahlmeriLkgkh + almnsHlihgkh]

+ [ankmsHliugkh + akhmsHlingkh

+ ahlmsHiilkgkh + alnmsHIichgkh]

+ [akhnsHlimgkh + alhnerilkgkh

+ amhnsHPingkh]

+ [aniesHin "™ + amuesHin g™

+ anklsHlilmgkh] =0
By using equations (3.18) and (3.24) in the above
equation, we get

(3.32) Aimns Hlih gkh + Amnks Hfizlgkh + Ankns Hlim gkh
+ aynis Hinn 9" + apims Hhye " =0

Theorem (3.8). In GK5)- QR-affinity connected space,
if the recurrence covariant tensor a;,,s iS Symmetric in

first, second and third indicators, then the tensor Hj, g*"
satisfies the identity(3.32).

4. Conclusion

In this paper, we have studied the generalized recurrent
Finsler spaces of fourth order with a non-metric Finsler
connection. We have obtained the expressions of the
fourth order recurrent curvature tensor and the h- fourth
order recurrent curvature tensor. We have also studied
the properties of these tensors and obtained some
interesting results.

Future work: In the future, we plan to study the
generalized recurrent Finsler spaces of higher order with
a non-metric Finsler connection. We also plan to study
the applications of these spaces to other areas of
mathematics and physics.
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