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Abstract 

In this paper, we study the generalized 𝐾(𝐵)-quad recurrent Finsler spaces of fourth order with a non-metric 

Finsler connection. We obtain the expressions of the fourth order recurrent curvature tensor and the h-fourth 

order recurrent curvature tensor. We also study the properties of these tensors and obtain some interesting 

results. 

Keywords: Recurrent Finsler space, Fourth order recurrent Finsler space, Non-metric Finsler connection, 

Curvature tensor. 
 

1. Introduction 

Finsler spaces are a generalization of Riemannian spaces. 

They were introduced by Finsler in 1924. A Finsler space 

is a manifold M equipped with a Finsler metric F, which 

assigns to each point 𝑝 ∈ M and each non-zero tangent 

vector 𝑥 ∈ T𝑝M a non-negative real number F(𝑝, 𝑥). The 

Finsler metric F is a generalization of the Riemannian 

metric. In a Riemannian space, the metric is given by a 

Riemannian tensor G, which assigns to each point 𝑝 ∈ M 

a symmetric, positive definite bilinear form G𝑝: T𝑃M ×

T𝑃M → 𝑅 . Recurrent Finsler spaces were introduced by 

Chern in 1936. A Finsler space F is said to be recurrent 

if there exists a non-zero vector field V such that the 

following condition holds:  ∇𝑋𝑉= kV  , where ∇ is the 

Finsler connection, k is a scalar function, and V is a 

vector field. Second order recurrent Finsler spaces were 

introduced by B. S. Yadav and U. C. Pandey in 1984. A 

Finsler space F is said to be second order recurrent if 

there exists a non-zero vector field V such that the 

following condition holds: ∇𝑋𝑉= k1V + k2H , where ∇ is 

the Finsler connection, k1 and k2 are scalar functions, V 

is a vector field, and H is the h-vector field. Generalized 

recurrent and birecurrent affinely connected spaces have 

been studied by a number of mathematicians ( see [2], 

[3], [4], [5], [10], [11], [12] and [13]) and there is a rich 

body of literature on this topic. Some of the key 

researchers in this area include ( see [1], [6], [7] and 

[13]): 

Berwald [8] defined covariant derivative for his 

connection parameter 𝐺𝑗𝑘
𝑖 . Thus Berwald’s covariant 

derivative  ℬ𝑘𝑇𝑗
𝑖   𝑜𝑟  𝑇𝑗(ℬ)

𝑖  of an arbitrary tensor field 𝑇𝑗
𝑖 

with respect to 𝑥𝑘 is given by [14]. 

(1.1)    𝑇𝑗(𝐵)
𝑖 = 𝜕𝑘𝑇𝑗

𝑖 − (�̇�𝑟𝑇𝑗
𝑖)𝐺𝑘

𝑟 + 𝑇𝑗
𝑟𝐺𝑟𝑘

𝑖 − 𝑇𝑟
𝑖𝐺𝑗𝑘

𝑟  .  

Berwald’s covariant derivative of the metric function F, 

the unit vector ℓ𝑖 and vector �̇�𝑖 vanish identically, i.e. 

(1.2)    (a)     𝐹(𝑘) = 0   ,   (b)    ℓ(𝑘)
𝑖 = 0     and   (c)   �̇�(𝑘)

𝑖 = 0. 

In general,  Berwald’s covariant derivative of the metric 

tensor 𝑔𝑖𝑗 doesn't vanish and is given by ( see [9] )  

(1.3 )    𝑔𝑖𝑗(𝑘) = −2𝐶𝑖𝑗𝑘|ℎ�̇�ℎ = −2�̇�ℎ𝐶𝑖𝑗𝑘(ℎ) . 

The tensor  𝐶𝑖𝑗𝑘 is called (h) hv-torsion tensor, defined 

by [14] 

(1.4)     𝐶𝑖𝑗𝑘 =
1

2
�̇�𝑘𝑔𝑖𝑗 =

1

4
�̇�𝑘�̇�𝑖�̇�𝑗𝐹2. 

The tensor 𝐶𝑗𝑘
𝑖  is the associate tensor of  𝐶𝑖𝑗𝑘 defined by 

(1.5)    (a)   𝐶𝑗𝑠𝑘 = 𝐶𝑗𝑘
𝑖 𝑔𝑖𝑠    and    (b)    𝐶𝑗𝑠𝑘 𝑔𝑗𝑖 = 𝐶𝑠𝑘

𝑖  . 

This tensors satisfy the following identities    

(1.6)   (a)     𝐶𝑖𝑗𝑘�̇�𝑖 = 𝐶𝑗𝑘𝑖�̇�𝑖 = 𝐶𝑘𝑖𝑗 �̇�
𝑖 = 0   ,  

(b)  𝐶𝑗𝑘
𝑖  �̇�𝑘 = 𝐶𝑘𝑗

𝑖  �̇�𝑘 = 0   ,   (c)     𝐶𝑗𝑘
𝑖 �̇�𝑖 = 0,   

(d)  𝐶𝑗𝑟
𝑟 = 𝐶𝑗      and                 (e)    𝐶𝑗𝑘

𝑖  𝑔𝑗𝑘 = 𝐶𝑖  . 

The vectors  �̇�𝑖, �̇�
𝑖  and the metric tensor 𝑔𝑖𝑗 (𝑥, �̇�) satisfy  
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(1.7)    (a)    𝑔𝑖𝑗 𝑔
𝑖𝑘 = 𝛿𝑗

𝑘 = {
1    𝑖𝑓    𝑗 = 𝑘 

0     𝑖𝑓    𝑗 ≠ 𝑘  .
  ,     

    (b)  𝛿ℎ 
𝑖 𝑔𝑖𝑘 = 𝑔ℎ𝑘 ,         (c)  𝑔𝑖𝑘 𝑔

𝑖𝑘 = 𝛿𝑘
𝑘 = 𝑛,    

    (d)    𝛿ℎ 
𝑖 𝑔ℎ𝑘 = 𝑔𝑖𝑘    ,     (e)  �̇�𝑖�̇�𝑖 = 𝐹2  , 

(h)     𝑔𝑖𝑗 = �̇�𝑖�̇�𝑗 = �̇�𝑗�̇�𝑖       and    

  (i)     �̇�𝑖 = 𝑔𝑖𝑗 (𝑥, �̇�) �̇�𝑗. 

The tensor 𝐾𝑗𝑘ℎ
𝑖  is called Cartan’s fourth curvature 

tensor, it is positively homogeneous of degree zero in �̇�𝑖, 

which defined by  

            𝐾𝑗𝑘ℎ
𝑖 = 𝜕ℎΓ𝑘𝑗

∗𝑖 + (�̇�𝑠 Γ𝑗ℎ
∗𝑖)𝐺𝑘

𝑠 + Γ𝑡ℎ
∗𝑖  Γ𝑘𝑗

∗𝑡 − ℎ/𝑘  . 

The curvature tensor  𝐾𝑗𝑘ℎ
𝑖  is skew-symmetric in its last 

two lower indices, i.e.  

(1.8)    𝐾𝑗𝑘ℎ
𝑖 = − 𝐾𝑗ℎ𝑘

𝑖  . 

The associate curvature tensor  𝐾𝑖𝑗𝑘ℎ  of the curvature 

tensor 𝐾𝑗𝑘ℎ
𝑖  is given by  

(1.9)    𝐾𝑖𝑗𝑘ℎ = 𝑔𝑟𝑗  𝐾𝑖𝑘ℎ
𝑟  . 

The tensor 𝐾𝑗𝑘ℎ
𝑖  and its associate curvature 

tensor 𝐾𝑖𝑗𝑘ℎ  satisfy the following relations:  

(1.10)    (a)     𝐾𝑖𝑗𝑘ℎ + 𝐾𝑖𝑗ℎ𝑘 = −2𝐶𝑖𝑗𝑠𝐻ℎ𝑘
𝑠 , 

               (b)   𝐾𝑗𝑖𝑘ℎ + 𝐾𝑗𝑘𝑖ℎ + 𝐾𝑗ℎ𝑘𝑖 + 2�̇�𝑟(𝐶𝑗𝑖𝑠𝐾𝑟ℎ𝑘
𝑠 +

𝐶𝑗𝑘𝑠𝐾𝑟𝑖ℎ
𝑠 + 𝐶𝑗ℎ𝑠𝐾𝑟𝑘𝑖

𝑠 ) = 0 , 

               (c)    𝐾𝑗𝑘ℎ
𝑖 + 𝐾ℎ𝑗𝑘

𝑖 + 𝐾𝑘ℎ𝑗
𝑖 = 0    and    

          (d)   𝐾𝑗𝑖𝑘ℎ + 𝐾ℎ𝑖𝑗𝑘 + 𝐾𝑘𝑖ℎ𝑗 = 0   . 

The Ricci tensor 𝐾𝑗𝑘 , the curvature vector 𝐾𝑗 and the 

curvature scalar K are connected by 

(1.11)    (a)     𝐾𝑗𝑘𝑖
𝑖 = 𝐾𝑗𝑘    ,   (b)   𝐾𝑗𝑘  �̇�𝑘 = 𝐾𝑗      

and          (c)  𝐾𝑗𝑘  𝑔𝑗𝑘 = 𝑘 . 

Berwald curvature tensors of 𝐻𝑗𝑘ℎ
𝑖  , the h(v)-torsion 

tensor 𝐻𝑘ℎ
𝑖  and Cartan’s fourth curvature tensor 𝐾𝑗𝑘ℎ

𝑖  are 

connected by  

(1.12)     (a) 𝐻𝑗𝑘ℎ
𝑖 = 𝐾𝑗𝑘ℎ

𝑖 + �̇�𝑚(�̇�𝑗𝐾𝑚𝑘ℎ
𝑖 )    

and           (b)    𝐾𝑗𝑘ℎ
𝑖  �̇�𝑗 = 𝐻𝑘ℎ

𝑖   , 

where the tensor 𝐻𝑗𝑘ℎ
𝑖   is called h-curvature tensor of 

Berwald and the tensor 𝐻𝑘ℎ
𝑖  is called h(v)- torsion tensor 

and defined as 

(1.13)     (a)     𝐻𝑗𝑘ℎ
𝑖 = 𝜕ℎ𝐺𝑗𝑘

𝑖 + 𝐺𝑗𝑘
𝑟 𝐺𝑟ℎ

𝑖 + 𝐺𝑟𝑗ℎ
𝑖 𝐺𝑘

𝑟 − ℎ/𝑘∗    

and           (b)    𝐻𝑘ℎ
𝑖 = 𝜕ℎ𝐺𝑘

𝑖 + 𝐺𝑘
𝑟𝐺𝑟ℎ

𝑖 − ℎ/𝑘. 

The curvature tensor of Berwald  𝐻𝑗𝑘ℎ
𝑖   and the h(v)-

torsion tensor  𝐻𝑘ℎ
𝑖  are related 

(1.14)     (a)     𝜕𝑟𝐻𝑘ℎ
𝑖 = 𝐻𝑟𝑘ℎ

𝑖     and   (b)    𝐻𝑗𝑘ℎ
𝑖 �̇�𝑗 = 𝐻𝑘ℎ

𝑖   . 

The tensor  𝐻𝑘
𝑖  called the deviation tensor, given by 

(1.15)     (a)     𝐻ℎ
𝑖 = 2𝜕ℎ𝐺𝑖 − 𝜕𝑠 𝐺𝑘

𝑖 �̇�𝑠 + 2𝐺ℎ𝑠
𝑖 𝐺𝑠 − 𝐺𝑠

𝑖𝐺ℎ
𝑠   and                

               (b)    𝐻𝑘ℎ
𝑖 �̇�𝑘 = − 𝐻ℎ𝑘

𝑖 �̇�𝑘 = 𝐻ℎ
𝑖  . 

H-Ricci tensor 𝐻𝑗𝑘 , curvature vector 𝐻𝑘 and the 

curvature scalar H are connected by 

(1.16)     (a)     𝐻𝑗𝑘𝑟
𝑟 = 𝐻𝑗𝑘   ,     (b)   𝐻𝑘𝑟

𝑟 = 𝐻𝑘     

and      

                (c)    𝐻 =
1

(𝑛−1)
 𝐻𝑟

𝑟    .                                                                         

The above tensors also satisfy the following:  

(1.17)    (a)     𝐻𝑘ℎ(𝑚)
𝑖 + 𝐻𝑚𝑘(ℎ)

𝑖 + 𝐻ℎ𝑚(𝑘)
𝑖 = 0,         

                 (b)    𝐻𝑘ℎ
𝑖 = �̇�𝑘𝐻ℎ

𝑖   ,            (c)     𝐻𝑘ℎ �̇�𝑘 = 𝐻ℎ  ,    

                 (d)  𝐻𝑘 �̇�
𝑘 = (𝑛 − 1)𝐻   ,    (f)   �̇�𝑖  𝐻𝑗

𝑖 = 0   , 

                 (g)  𝑔𝑖𝑗𝐻𝑘
𝑖 = 𝑔𝑖𝑘𝐻𝑗

𝑖     and   (h)   𝐻ℎ𝑘 − 𝐻𝑘ℎ = 𝐻𝑖𝑘ℎ
𝑖  . 

2. A Generalized – 𝐊(𝐁) Quad – Recurrent in 

Finsler space 

Let us consider a Finsler space 𝐹𝑛 for which Cartan’s 

fourth curvature tensor 𝐾𝑗𝑘ℎ
𝑖 satisfies the 

generalized recurrence property with respect to 

Berwald’s connection parameter 𝐺𝑘ℎ
𝑖 , i.e. characterized 

by the following condition:  

(2.1)  𝐾𝑗𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 = 𝑎𝑙𝑚𝑛𝑠 𝐾𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚𝑛𝑠(𝛿ℎ
𝑖 𝑔𝑗𝑘 − 𝛿𝑘

𝑖 𝑔𝑗ℎ) 

− 2�̇�𝑟𝑑𝑙𝑚𝑛(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑠 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑠)
(𝑟)

− 2�̇�𝑞𝜃𝑙𝑚𝑠(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑛 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑛)
(𝑞)

 

− 2�̇�𝑞𝑏𝑙𝑚(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑛 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑛)
(𝑞)(𝑠)

− 2�̇�𝑝𝜂𝑙𝑛𝑠(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑚 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑚)
(𝑝)

 

− 2�̇�𝑝𝛼𝑙𝑛(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑚 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑚)
(𝑝)(𝑠)

− 2�̇�𝑝𝜑𝑙𝑠(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑚 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑚)
(𝑝)(𝑛)

 

       − 2�̇�𝑝𝜇𝑙(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑚 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑚)
(𝑝)(𝑛)(𝑠)

 , 

where  𝑎𝑙𝑚𝑛𝑠 = 𝑐𝑙𝑚𝑛(𝑠) + 𝑐𝑙𝑚𝑛 𝜆𝑠  and 𝑏𝑙𝑚𝑛𝑠 =

𝑐𝑙𝑚𝑛𝑢𝑠 + 𝑑𝑙𝑚𝑛(𝑠) are non-zero covariant tensor field of 

fourth order, 𝜃𝑙𝑚𝑠 = 𝑏𝑙𝑚(𝑠) and 𝜂𝑙𝑛𝑠 = 𝛼𝑙𝑛(𝑠)
 are non–

zero covariant tensors field of third order, 𝜑𝑙𝑠= 𝜇𝑙(𝑠) is 

non–zero covariant tensor field of second order,  

(𝑙)(𝑚)(𝑛)(s) is Berwald’s covariant differential operator 

with respect to 𝑥𝑙, 𝑥𝑚, 𝑥𝑛  and 𝑥𝑠, respectively, is 

covariant derivative of fourth order in sense of Berwald. 

Definition 2.1. A Finsler space 𝐹𝑛   for which Cartan’s 

fourth curvature tensor 𝐾𝑗𝑘ℎ
𝑖   satisfies the condition (2.1) 

will be called a generalized 𝐾(ℬ)- quad recurrent space, 

where 𝑎𝑙𝑚𝑛𝑠 and 𝑏𝑙𝑚𝑛𝑠 are non-zero vectors field and the 

tensor will be called generalized ℬ – quad- recurrent 

tensor. We shall denote such space and tensor briefly as 

𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛  and  𝐺ℬ – 𝑄𝑅 , respectively. 

Lemma 2.1. Every generalized 𝐾(ℬ)-recurrent in Finsler 

space is generalized 𝐾(ℬ) -quad recurrent in Finsler 

space.  
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Contracting the indices i and h in (2.1), using (1.7c) and 

(1.11a), we get 

(2.2)        𝐾𝑗𝑘(𝑙)(𝑚)(𝑛)(𝑠) =  𝑎𝑙𝑚𝑛𝑠 𝐾𝑗𝑘 + (𝑛 − 1) { 𝑏𝑙𝑚𝑛𝑠 𝑔𝑗𝑘 −

2�̇�𝑟𝑑𝑙𝑚𝑛𝑠 𝐶𝑗𝑘𝑠(𝑟) − 2�̇�𝑞𝜃𝑙𝑚𝑠 𝐶𝑗𝑘𝑛(𝑞) − 2�̇�𝑞𝑏𝑙𝑚 𝐶𝑗𝑘𝑛(𝑞)(𝑠) −

2�̇�𝑝𝜂𝑙𝑛𝑠𝐶𝑗𝑘𝑚(𝑝) − 2�̇�𝑝𝛼𝑙𝑛 𝐶𝑗𝑘𝑚(𝑝)(𝑠) − 2�̇�𝑝𝜑𝑙𝑠 𝐶𝑗𝑘𝑚(𝑝)(𝑛) −

2�̇�𝑝𝑢𝑙 𝐶𝑗𝑘𝑚(𝑛)(𝑝)(𝑠)} . 

Theorem 2.1.  In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , Berwald ̓s covariant 

derivative of the fourth order for the K−Ricci tensor 𝐾𝑗𝑘   

is given by (2.2). 

Transvecting the condition (2.2) by �̇�𝑘 , using (1.2c), 

(1.11b) and (1.6a), we get 

(2.3)       𝐾𝑗(𝑙)(𝑚)(𝑛)(𝑠) =  𝑎𝑙𝑚𝑛𝑠 𝐾𝑗 + (𝑛 − 1) 𝑏𝑙𝑚𝑛𝑠 �̇�𝑗   .                   

The equation (2.3), shows that, the curvature vector 𝐾𝑗 

can’t vanish, because the vanishing to would imply 

𝑏𝑙𝑚𝑛𝑠 = 0 , a contradiction. 

Theorem 2.2. In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , the curvature vector 𝐾𝑗 

is non-vanishing.  

Transvecting condition (2.1) by  �̇�𝑗 , using (1.2c), 

(1.12b), (1.7i) and (1.6a), we get 

(2.4)     𝐻𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 = 𝑎𝑙𝑚𝑛𝑠𝐻𝑘ℎ

𝑖 + 𝑏𝑙𝑚𝑛𝑠(𝛿ℎ
𝑖 �̇�𝑘 − 𝛿𝑘

𝑖 �̇�ℎ) . 

Transvecting (2.4) by �̇�𝑘 , using (1.2c), (1.15b), (1.7d) 

and (1.7e), we get 

(2.5)     𝐻ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 = 𝑎𝑙𝑚𝑛𝑠𝐻ℎ

𝑖 + 𝑏𝑙𝑚𝑛𝑠(𝛿ℎ
𝑖 𝐹2 − �̇�𝑖�̇�ℎ) .   

Thus, we conclude 

Theorem 2.3.  In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , Berwald ̓s covariant 

derivative of the fourth order for the h(v)-torsion tensor 

𝐻𝑘ℎ
𝑖  and the deviation tensor 𝐻ℎ

𝑖  is given by (2.4) and 

(2.5), respectively. 

Contracting the indices i and h in the equations (2.4) and 

(2.5), using (1.16b), (1.16c), (1.7i) and (1.7c), we get 

(2.6)       𝐻𝑘(𝑙)(𝑚)(𝑛)(𝑠) = 𝑎𝑙𝑚𝑛𝑠𝐻𝑘 + (𝑛 − 1) 𝑏𝑙𝑚𝑛𝑠�̇�𝑘  .    

(2.7)        𝐻(𝑙)(𝑚)(𝑛)(𝑠) = 𝑎𝑙𝑚𝑛𝑠  𝐻 + (𝑛 − 1)𝑏𝑙𝑚𝑛𝑠𝐹2 .     

The equations (2.6) and (2.7), show that, the curvature 

vector 𝐻𝑘 and the curvature scalar H can't vanish, 

because the vanishing of any one of them would imply 

𝑏𝑙𝑚𝑛𝑠 = 0  , a contradiction. 

Theorem 2.4.  In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , the curvature vector 𝐻𝑘 

and the curvature scalar H are non-vanishing. 

Interchanging the indices 𝑛 and 𝑟 in equation (2.4) and 

subtracting the equation obtained from (2.4), we get 

(2.8)    𝐻𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 − 𝐻𝑘ℎ(𝑙)(𝑚)(𝑠)(𝑛)

𝑖  

= (𝑎𝑙𝑚𝑛𝑠 − 𝑎𝑙𝑚𝑠𝑛) + (𝑏𝑙𝑚𝑛𝑠 − 𝑏𝑙𝑚𝑠𝑛)(𝛿ℎ
𝑖 �̇�𝑘 − 𝛿𝑘

𝑖 �̇�ℎ) . 

If the recurrence covariant tensor field of fourth order  

𝑏𝑙𝑚𝑠𝑛 is symmetric in third and fourth indicator, then 

above equation can by writing as   

(2.9)   𝐻𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 − 𝐻𝑘ℎ(𝑙)(𝑚)(𝑠)(𝑛)

𝑖  

= (𝑎𝑙𝑚𝑛𝑠 − 𝑎𝑙𝑚𝑠𝑛)𝐻𝑘ℎ
𝑖   .    

Theorem 2.5.  In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , if the recurrence 

covariant tenser field of fourth order 𝑏𝑙𝑚𝑠𝑛  is symmetric, 

the commutation formula Berwald ̓s covariant 

derivatiation is given by identity (2.9). 

Adding the expression obtained cyclic change of (2.9), 

with respect to the indices 𝑘, ℎ and  𝑙  and using (1.17.a), 

we get 

( 𝐻𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 − 𝐻𝑘ℎ(𝑙)(𝑚)(𝑠)(𝑛)

𝑖 ) 

+(𝐻ℎ𝑙(𝑘)(𝑚)(𝑛)(𝑠)
𝑖 − 𝐻ℎ𝑙(𝑘)(𝑚)(𝑠)(𝑛)

𝑖 ) 

+ (𝐻𝑙𝑘(ℎ)(𝑚)(𝑛)(𝑠)
𝑖 − 𝐻𝑙𝑘(ℎ)(𝑚)(𝑠)(𝑛)

𝑖 ) = 0 , 

using (2.9), in above equation, we get 

(2.10)     (𝑎𝑙𝑚𝑛𝑠 – 𝑎𝑙𝑚𝑠𝑛)𝐻𝑘ℎ
𝑖 + (𝑎𝑘𝑚𝑛𝑠 − 𝑎𝑘𝑚𝑠𝑛)𝐻ℎ𝑙

𝑖  

+(𝑎ℎ𝑚𝑛𝑠 − 𝑎ℎ𝑚𝑠𝑛)𝐻𝑙𝑘
𝑖 = 0  . 

Corollary (2.1). In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , if the recurrence 

covariant tensor field of fourth order 𝑏𝑙𝑚𝑠𝑛 is symmetric, 

the h(v)-torsion 𝐻𝑘ℎ
𝑖  satisfies identity (2.10).  

By cyclic rotation of the indices 𝑘 , ℎ , 𝑙  and 𝑚 in (2.10), 

we get  

(2.11)  (𝑎ℎ𝑙𝑛𝑠 − 𝑎ℎ𝑙𝑠𝑛)𝐻𝑚𝑘
𝑖 + (𝑎𝑚𝑙𝑛𝑠 − 𝑎𝑚𝑙𝑠𝑛)𝐻𝑘ℎ

𝑖 +

(𝑎𝑘𝑙𝑛𝑠 − 𝑎𝑘𝑙𝑠𝑛)𝐻ℎ𝑚
𝑖 = 0  ,     

(2.12)         (𝑎𝑘ℎ𝑛𝑠 − 𝑎𝑘ℎ𝑠𝑛)𝐻𝑙𝑚
𝑖 + (𝑎𝑙ℎ𝑛𝑠 − 𝑎𝑙ℎ𝑠𝑛)𝐻𝑚𝑘

𝑖 +

(𝑎𝑚ℎ𝑛𝑠 − 𝑎𝑚ℎ𝑠𝑛)𝐻𝑘𝑙
𝑖 = 0            

and 

(2.13) (𝑎𝑚𝑘𝑛𝑠 − 𝑎𝑚𝑘𝑠𝑛)𝐻ℎ𝑙
𝑖 + (𝑎ℎ𝑘𝑛𝑠 − 𝑎ℎ𝑘𝑠𝑛)𝐻𝑙𝑚

𝑖 +

(𝑎𝑙𝑘𝑛𝑠 − 𝑎𝑙𝑘𝑠𝑛)𝐻𝑚ℎ
𝑖 = 0 . 

By using the skew-symmetric property of the h(v)- 

torsion tensor 𝐻𝑙𝑚
𝑖  in its lower indices and adding (2.10), 

(2.11), (2.12) and (2.13), we get 

(2.14)    [(𝑎𝑙𝑚𝑛𝑠 − 𝑎𝑙𝑚𝑠𝑛) + (𝑎𝑚𝑙𝑛𝑠 − 𝑎𝑚𝑙𝑠𝑛)] 𝐻𝑘ℎ
𝑖 +

[(𝑎ℎ𝑙𝑛𝑠 − 𝑎ℎ𝑙𝑠𝑛) + (𝑎𝑙ℎ𝑛𝑠 − 𝑎𝑙ℎ𝑠𝑛)] 𝐻𝑚𝑘
𝑖 + [(𝑎𝑘ℎ𝑛𝑠 −

𝑎𝑘ℎ𝑠𝑛) + (𝑎ℎ𝑘𝑛𝑠 − 𝑎ℎ𝑘𝑠𝑛)] 𝐻𝑙𝑚
𝑖 + [(𝑎𝑚𝑘𝑛𝑠 − 𝑎𝑚𝑘𝑠𝑛) +

(𝑎𝑘𝑚𝑛𝑠 − 𝑎𝑘𝑚𝑠𝑛)]𝐻ℎ𝑙
𝑖 + [(𝑎ℎ𝑚𝑛𝑠 − 𝑎ℎ𝑚𝑠𝑛) − (𝑎𝑚ℎ𝑛𝑠 −

𝑎𝑚ℎ𝑠𝑛)]𝐻𝑙𝑘
𝑖 + [(𝑎𝑘𝑙𝑛𝑠 − 𝑎𝑘𝑙𝑠𝑛) − (𝑎𝑙𝑘𝑛𝑠 − 𝑎𝑙𝑘𝑠𝑛)]𝐻ℎ𝑚

𝑖 = 0  . 

If the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠 is symmetric in 

first and second indicator, then above equation can be 

written as   

(2.15)       (𝑎𝑙𝑚𝑛𝑠 − 𝑎𝑙𝑚𝑠𝑛) 𝐻𝑘ℎ
𝑖 + (𝑎𝑚𝑘𝑛𝑠 − 𝑎𝑚𝑘𝑠𝑛) 𝐻ℎ𝑙

𝑖   

               +(𝑎𝑘ℎ𝑛𝑠 − 𝑎𝑘ℎ𝑠𝑛) 𝐻𝑙𝑚
𝑖 + (𝑎ℎ𝑙𝑛𝑠 − 𝑎ℎ𝑙𝑠𝑛) 𝐻𝑚𝑘

𝑖 = 0 .  

Theorem 2.6. In 𝐺𝐾(𝐵)-𝑄𝑅𝐹𝑛 , if the recurrence 

covariant tenser field  𝑎𝑙𝑚𝑛𝑠 is symmetric, than the  h(v)-

torsion tensor 𝐻𝑘ℎ
𝑖  satisfies the identity (2.15). 

If the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠 is skew-

symmetric in first and second indicator, then equation 

(2.15) can be written as   
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(2.16)   (𝑎ℎ𝑚𝑛𝑠 − 𝑎ℎ𝑚𝑠𝑛) 𝐻𝑙𝑘
𝑖 + (𝑎𝑘𝑙𝑛𝑠 − 𝑎𝑘𝑙𝑠𝑛) 𝐻ℎ𝑚

𝑖 = 0  . 

Corollary (2.2). In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , if the recurrence 

covariant tensor field 𝑎𝑙𝑚𝑛𝑠  is skew-symmetric, then the 

h(v)-torsion tensor 𝐻𝑘ℎ
𝑖  satisfies the identity (2.16). 

If the recurrence covariant tensor field of fourth order 

𝑏𝑙𝑚𝑠𝑛 is skew-symmetric in third and fourth indicator, 

equation (2.8) can by written as   

(2.17)    𝐻𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 − 𝐻𝑘ℎ(𝑙)(𝑚)(𝑠)(𝑛)

𝑖  

               = (𝑎𝑙𝑚𝑛𝑠 − 𝑎𝑙𝑚𝑠𝑛) 𝐻𝑘ℎ
𝑖  + 2𝑏𝑙𝑚𝑛𝑠 (𝛿ℎ

𝑖 �̇�𝑘 − 𝛿𝑘
𝑖 �̇�ℎ) . 

Corollary (2.3). In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , if the recurrence 

covariant tensor field of fourth order is skew-symmetric, 

the commutation formula Berwald ̓s s covariant 

derivative is given by (2.17). 

Contracting the indices i  and l in (2.10), using (1.16b) 

and (1.15b), we get 

         (𝑎𝑖𝑚𝑛𝑠  − 𝑎𝑖𝑚𝑠𝑛)𝐻𝑘ℎ
𝑖 + (𝑎𝑘𝑚𝑛𝑠 − 𝑎𝑘𝑚𝑠𝑛)𝐻ℎ −

(𝑎ℎ𝑚𝑛𝑠 − 𝑎ℎ𝑚𝑠𝑛)𝐻𝑘 = 0  , 

above equation can be written as   

(2.18)  𝐻𝑘ℎ
𝑖 =

1

(𝑎𝑖𝑚𝑛𝑠 −𝑎𝑖𝑚𝑠𝑛)
[(𝑎ℎ𝑚𝑛𝑠 − 𝑎ℎ𝑚𝑠𝑛)𝐻𝑘 −

(𝑎𝑘𝑚𝑛𝑠 − 𝑎𝑘𝑚𝑠𝑛)𝐻ℎ]  .                       

Theorem 2.7.  In 𝐺𝐾(𝐵)- 𝑄𝑅𝐹𝑛 , if the recurrence 

covariant tensor field of fourth order 𝑏𝑙𝑚𝑠𝑛 is symmetric, 

the h(v)-torsion 𝐻𝑘ℎ
𝑖  defined by the formula (2.18). 

3. A Generalized 𝐊(𝐁) − 𝐐𝐑 − Affinely 

Connected Space 

Affine connection spaces, introduced by Élie Cartan, are 

fundamental in differential geometry. A parallel 

transport mechanism allows for vector comparison along 

smooth curves. This concept is essential in general 

relativity and theoretical physics. Generalized affine 

connected spaces, also known as Finsler spaces with a 

linear connection, extend the notion of affine connection 

spaces by incorporating a Finsler metric. This metric 

introduces a non-Euclidean measure of distance between 

points, generalizing the standard Euclidean distance 

employed in affine connection spaces. The interplay 

between the Finsler metric and the linear connection in 

these spaces gives rise to intriguing geometric and 

dynamical properties. 

In this research, we explore the intricate world of 

generalized affine connected spaces. We aim to unravel 

their unique characteristics and uncover the profound 

connections they hold with other mathematical 

frameworks. 

Definition (3.1). A finsler space 𝐹𝑛 whose connected 

parameter 𝐺𝑗𝑘
𝑖  is independent of �̇�𝑖 is called an affinely 

connected space (Berwald space), thus an affinely 

connected space is characterized by any of the following 

equivalent equations: 

(3.1)       𝐺𝑗𝑘ℎ
𝑖 = 0    and      (3.2)     𝐶𝑖𝑗𝑘|ℎ = 0  . 

Remark (3.1). The connection parameters of Cartan and 

𝐺𝑗𝑘
𝑖  of Berward coincide in affinely connected space and 

they are independent of directional argument i.e. 

(3.3)       (a)     �̇�𝑗𝐺𝑘ℎ
𝑖 = 0     and    (b)    �̇�𝑗𝐺Г𝑘ℎ

𝑖 = 0  . 

Remark (3.2). In an affinely connected space Berwald's 

converiant derivative of the metric tensor 𝑔𝑖𝑗 and its 

associate 𝑔𝑖𝑗  are vanish [R], i.e. 

(3.4)        (a)     𝑔𝑖𝑗(𝑙) = 0      and     (b)  𝑔(𝑙)
𝑖𝑗

= 0   . 

In view of (3.4a) and (1.3), we get 

(3.5)        �̇�𝑙𝐶𝑖𝑗𝑘(𝑙) = 0  . 

Definition (3.2). The generalized 𝐾(𝐵)-quad-recurrent 

space which is an affinely connected space [satisfies any 

of the conditions (3.1), (3.2), (3.3a) and (3.3b)] will be 

called a generalized 𝐾(𝐵)-quad-recurrent affinity 

connected space and will be denote it briefly by 𝐺𝐾(𝐵)-

𝑄𝑅 - affinity connected space. 

Remark (3.3). It will be sufficient to call the tensor 

which satisfies the condition of   𝐺𝐾(𝐵)- 𝑄𝑅- affinity 

connected space as generalized 𝐵 − 𝑄𝑅 tensor (briefly 

𝐺𝐵 − 𝑄𝑅). 

Let us consider a 𝐺𝐾(𝐵)- 𝑄𝑅- affinity connected space. In 

view of  (3.5), the condition (2.1) becomes  

(3.6)  𝐾𝑗𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠)
𝑖 = 𝑎𝑙𝑚𝑛𝑠𝐾𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚𝑛𝑠(𝛿ℎ
𝑖 𝑔𝑗𝑘 − 𝛿𝑘

𝑖 𝑔𝑗ℎ)  . 

Transvecting (3.6)   by 𝑔𝑖𝑃, using (1.7b) and (1.9), we 

get 

(3.7)        𝐾𝑗𝑝𝑘ℎ(𝑙)(𝑚)(𝑛)(𝑠) = 𝑎𝑙𝑚𝑛𝑠𝐾𝑗𝑝𝑘ℎ
𝑖  

                 +𝑏𝑙𝑚𝑛𝑠(𝑔𝑃ℎ𝑔𝑗𝑘 − 𝑔𝑃𝑘𝑔𝑗ℎ)  . 

Theorem (3.1). In 𝐺𝐾(𝐵)- 𝑄𝑅- affinity connected space, 

the Cartan's fourth curvature tensor  𝐾𝑗𝑘ℎ
𝑖  and its 

associative curvature tensor 𝐾𝑗𝑝𝑘ℎ are 𝐺(𝐵) − 𝑄𝑅 .  

Differentiating equation (1.10c) and (1.10d) covaraintly 

with respect to 𝑥𝑙, 𝑥𝑚 ,  𝑥𝑛 and 𝑥𝑠 , 

in sense of Berwald,using (3.6), (3.7) and the 

symmetric property of the metric tensor, we get  

(3.8)       𝑎𝑙𝑚𝑛𝑠 𝐾𝑗𝑘ℎ
𝑖 + 𝑎𝑙𝑚𝑛𝑠𝐾𝑘ℎ𝑗

𝑖 + 𝑎𝑙𝑚𝑛𝑠𝐾ℎ𝑗𝑘
𝑖 = 0  . 

(3.9)       𝑎𝑙𝑚𝑛𝑠𝐾𝑗𝑝𝑘ℎ
𝑖 + 𝑎𝑙𝑚𝑛𝑠𝐾𝑗𝑝𝑘ℎ

𝑖 + 𝑎𝑙𝑚𝑛𝑠𝐾𝑗𝑝𝑘ℎ
𝑖 = 0   

or 

(3.10)     𝐾𝑗𝑘ℎ
𝑖 + 𝐾𝑘ℎ𝑗

𝑖 + 𝐾ℎ𝑗𝑘
𝑖 = 0  . 

(3.11)     𝐾𝑗𝑝𝑘ℎ
𝑖 + 𝐾𝑗𝑝𝑘ℎ

𝑖 + 𝐾𝑗𝑝𝑘ℎ
𝑖 = 0  , where  𝑎𝑙𝑚𝑛𝑠 ≠ 0. 
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Theorem (3.2). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected space, 

the Cartan's fourth curvature tensor 𝐾𝑗𝑘ℎ
𝑖  and its 

associative curvature tensor 𝐾𝑗𝑝𝑘ℎ  satisfey the identity  

Bianchi.  

Contracting the indices 𝑖 and ℎ in (3.6), using (1.7𝑐) and 

(1.11𝑎) we get  

(3.12)    𝐾𝑗𝑘(𝑙)(𝑚)(𝑛)(𝑠) = 𝑎𝑙𝑚𝑛𝑠𝐾𝑗𝑘 + (𝑛 − 1)𝑏𝑙𝑚𝑛𝑠 𝑔𝑗𝑘. 

Transvecting (3.12) by 𝑔𝑗𝑘, using (1.11c) and (1.7c), 

we get 

(3.13)     𝐾(𝑙)(𝑚)(𝑛)(𝑠) = 𝑎𝑙𝑚𝑛𝑠𝐾 + 𝑛(𝑛 − 1) 𝑏𝑙𝑚𝑛𝑠  . 

The equations (3.12) and (3.13) show that the Ricci 

tensor 𝐾𝑗𝑘 and the scalar curvature 𝐾 cannot vanish, 

because the vanishing of any one of them would imply 

𝑏𝑙𝑚𝑛𝑠 = 0 ; a contradiction. 

Theorem (3.3). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected space, 

the Ricci tensor 𝐾𝑗𝑘 and its scalar curvature tensor  𝐾  are 

non-vanishing. 

Transvecting (3.6) by �̇�𝑗, using (1.6) and (1.12b), we 

get 

(3.14)     𝐻𝑘ℎ(𝑖)(𝑚)(𝑛)(𝑠)
𝑖 = 𝑎𝑙𝑚𝑛𝑠𝐻𝑘ℎ

𝑖 + 𝑏𝑙𝑚𝑛𝑠(𝛿ℎ
𝑖 �̇�𝑘 −

𝛿𝑘
𝑖 �̇�ℎ)  . 

Contracting the indices 𝑖 and ℎ in equation (3.14), using 

(1.16b), we get 

(3.15)     𝐻𝑘(𝑙)(𝑚)(𝑛)(𝑠) = 𝑎𝑐𝑚𝑛𝑠𝐻𝑘ℎ + (𝑛 − 1)𝑏𝑙𝑚𝑛𝑠�̇�𝑘 

Transvecting (3.15) by �̇�𝑘  , using (1.16c), (1.7i) and 

(1.7c), we get 

(3.16)     𝐻(𝑙)(𝑚)(𝑛)(𝑠) = 𝑎𝑙𝑚𝑛𝑠𝐻 + 𝑏𝑙𝑚𝑛𝑠 𝐹
2 . 

The equations (3.15) and (3.16) show that curvature 

vector 𝐻𝐾  and curvature scalar cannot vanish, because 

the vanishing of any one of them would imply 𝑏𝑙𝑚𝑛𝑠 = 0. 

Theorem (3.4). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected space, 

the curvature 𝐻𝑘 and the curvature scalar  𝐻  are non-

vanishing. 

Transvecting (3.14) by 𝑔𝑘ℎ, using (1.7d) and (1.7i), we 

get 

(3.17)     (𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ)(𝑙)(𝑚)(𝑛)(𝑠) =  𝑎𝑙𝑚𝑛𝑠𝐻𝑘ℎ 

𝑖 𝑔𝑘ℎ . 

Theorem (3.5). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected space, 

the tensor 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ behaves as quad-recurrence. 

Differentiating (1.17𝑎) covriantly with respect to 𝑥𝑚, 

𝑥𝑛 and 𝑥𝑠,  we get 

    (𝐻𝑘ℎ
𝑖 )

(𝑙)(𝑚)(𝑛)(𝑠)
 + (𝐻ℎ𝑙

𝑖 )
(𝑙)(𝑚)(𝑛)(𝑠)

 

     +(𝐻𝑙𝑘
𝑖 )(ℎ)(𝑚)(𝑛)(𝑠) = 0  . 

Transvecting above equation by 𝑔𝑘ℎ, we get 

(𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ)

(𝑙)(𝑚)(𝑛)(𝑠)
 + (𝐻ℎ𝑙

𝑖 𝑔𝑘ℎ)
(𝑙)(𝑚)(𝑛)(𝑠)

 

+(𝐻𝑙𝑘
𝑖 𝑔𝑘ℎ)(ℎ)𝑚)(𝑛)(𝑠) = 0  . 

Using (3.17) in above equation, we get 

(3.18)     𝑎𝑙𝑚𝑛𝑠 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ +  𝑎𝑘𝑚𝑛𝑠𝐻ℎ𝑙

𝑖 𝑔𝑘ℎ + 𝑎ℎ𝑚𝑛𝑠𝐻𝑙𝑘
𝑖 𝑔𝑘ℎ

= 0 . 

Contracting the indices 𝑖 and 𝑙 in equation (3.18) using 

(1.7d), we get 

         𝑎𝑖𝑚𝑛𝑠𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ +  𝑎𝑘𝑚𝑛𝑠𝐻ℎ𝑔𝑘ℎ − 𝑎ℎ𝑚𝑛𝑠𝐻𝑘𝑔𝑘ℎ = 0  

or 

          𝑎𝑖𝑚𝑛𝑠𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ  =  𝑎ℎ𝑚𝑛𝑠𝐻𝑘𝑔𝑘ℎ  −  𝑎𝑘𝑚𝑛𝑠𝐻ℎ𝑔𝑘ℎ. 

Above equation can be written as     

(3.19)     𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ = ( 𝑎ℎ

𝑖 𝐻𝑘𝑔𝑘ℎ −  𝑎𝑘
𝑖 𝐻ℎ𝑔𝑘ℎ)  ,  

where  𝑎ℎ
𝑖 =

𝑎ℎ𝑚𝑛𝑠

𝑎𝑖𝑚𝑛𝑠
  and  𝑎ℎ

𝑖 =
𝑎𝑘𝑚𝑛𝑠

𝑎𝑖𝑚𝑛𝑠
 . 

Theorem (3.6). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected space, 

the tensor 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ satisfies the identity (3.18) and 

defined by formula (3.19)           . 

By cyclic rotation of the indices  𝑘 , ℎ , 𝑙  and 𝑚 in 

(3.18), we get  

(3.20)   𝑎𝑚𝑘𝑛𝑠𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ +  𝑎ℎ𝑘𝑛𝑠𝐻𝑙𝑚

𝑖 𝑔𝑘ℎ  

           + 𝑎𝑙𝑘𝑛𝑠𝐻𝑚ℎ
𝑖 𝑔𝑘ℎ = 0  . 

(3.21)    𝑎𝑘ℎ𝑛𝑠𝐻𝑙𝑚
𝑖 𝑔𝑘ℎ + 𝑎𝑙ℎ𝑛𝑠𝐻𝑚𝑘

𝑖 𝑔𝑘ℎ 

            + 𝑎𝑚ℎ𝑛𝑠𝐻𝑘𝑙
𝑖 𝑔𝑘ℎ = 0  . 

(3.22)    𝑎ℎ𝑙𝑛𝑠𝐻𝑚𝑘
𝑖 𝑔𝑘ℎ +  𝑎𝑚𝑙𝑛𝑠𝐻𝑘ℎ

𝑖 𝑔𝑘ℎ  

            + 𝑎𝑘𝑙𝑛𝑠𝐻ℎ𝑚
𝑖 𝑔𝑘ℎ = 0  . 

By using the skew-symmetric property of the h(w) −

tersion tensor 𝐻𝑘ℎ
𝑖  in its lower indices and adding 

(3.18), (3.20), (3.21) and (3.22), we get 

(3.23)    (𝑎𝑙𝑚𝑛𝑠 + 𝑎𝑚𝑙𝑛𝑠) 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ  

+ (𝑎𝑚𝑘𝑛𝑠 + 𝑎𝑘𝑚𝑛𝑠) 𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ + (𝑎𝑘ℎ𝑛𝑠 + 𝑎ℎ𝑘𝑛𝑠) 𝐻𝑙𝑚

𝑖 𝑔𝑘ℎ  

+(𝑎ℎ𝑙𝑛𝑠 + 𝑎𝑙ℎ𝑛𝑠) 𝐻𝑚𝑘
𝑖 𝑔𝑘ℎ +  (𝑎ℎ𝑚𝑛𝑠 − 𝑎𝑚ℎ𝑛𝑠) 𝐻𝑙𝑘

𝑖 𝑔𝑘ℎ   

+ (𝑎𝑙𝑘ℎ𝑠 −  𝑎𝑘𝑙𝑛𝑠)𝐻𝑚ℎ
𝑖 𝑔𝑘ℎ = 0  . 

If the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠 is symmetric in 

the first and second indicator, then the above equation 

can be written as 

(3.24)    𝑎𝑙𝑚𝑛𝑠𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ +  𝑎𝑚𝑘𝑛𝑠𝐻ℎ𝑙

𝑖 𝑔𝑘ℎ 

+ 𝑎𝑘ℎ𝑛𝑠𝐻𝑙𝑚
𝑖 𝑔𝑘ℎ +  𝑎ℎ𝑙𝑛𝑠𝐻𝑚𝑘

𝑖 𝑔𝑘ℎ = 0  . 

Theorem (3.7). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected space, 

if the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠 is symmetric, 

then the tensor 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ satisfies the identity(3.24). 

And if the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠 is skew-

symmetric in the first and second indicator, then equation 

(3.23), becomes 

(3.25)        𝑎ℎ𝑚𝑛𝑠𝐻𝑙𝑘
𝑖 𝑔𝑘ℎ + 𝑎𝑙𝑘𝑛𝑠𝐻𝑚ℎ

𝑖 𝑔𝑘ℎ = 0 
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Corollary (4.2.1). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected 

space, if the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠  is skew-

symmetric, then the tensor 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ satisfies the 

identity(3.25). 

By cyclic rotation of the indices 𝑙, 𝑚, 𝑛, 𝑘  and  ℎ in 

(3.24), we get 

(3.26)        𝑎𝑚𝑛𝑘𝑠𝐻ℎ𝑙𝑔𝑘ℎ +  𝑎𝑛ℎ𝑘𝑠𝐻𝑙𝑚
𝑖 𝑔𝑘ℎ 

             + 𝑎ℎ𝑙𝑘𝑠𝐻𝑚𝑛
𝑖 𝑔𝑘ℎ + 𝑎𝑙𝑚𝑘𝑠𝐻𝑛ℎ

𝑖 𝑔𝑘ℎ = 0 . 

(3.27)        𝑎𝑛𝑘ℎ𝑠𝐻𝑙𝑚𝑔𝑘ℎ +  𝑎𝑘𝑙ℎ𝑠𝐻𝑚𝑛
𝑖 𝑔𝑘ℎ 

             + 𝑎𝑙𝑚ℎ𝑠𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ + 𝑎𝑚𝑛ℎ𝑠𝐻𝑘𝑙

𝑖 𝑔𝑘ℎ = 0 . 

(3.28)        𝑎𝑘ℎ𝑙𝑠𝐻𝑚𝑛𝑔𝑘ℎ +  𝑎ℎ𝑚𝑙𝑠𝐻ℎ𝑘
𝑖 𝑔𝑘ℎ 

              + 𝑎𝑚𝑛𝑙𝑠𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ +  𝑎ℎ𝑘𝑙𝑠𝐻ℎ𝑚

𝑖 𝑔𝑘ℎ = 0 . 

(3.29)        𝑎ℎ𝑙𝑚𝑠𝐻ℎ𝑘𝑔𝑘ℎ +  𝑎𝑙ℎ𝑚𝑠𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ 

               + 𝑎𝑛𝑘𝑚𝑠𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ +  𝑎𝑘ℎ𝑚𝑠𝐻𝑙ℎ

𝑖 𝑔𝑘ℎ = 0 . 

And adding (3.24), (3.26), (3.27), (3.28) and (3.29), 

we get 

(3.30)        [(𝑎𝑙𝑚𝑛𝑠 + 𝑎𝑙𝑛𝑚𝑠) 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ

+  (𝑎𝑚𝑘𝑛𝑠 + 𝑎𝑚𝑛𝑘𝑠) 𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ

+  (𝑎𝑛ℎ𝑘𝑠 + 𝑎ℎ𝑘𝑛𝑠) 𝐻𝑙𝑚
𝑖 𝑔𝑘ℎ

+ (𝑎𝑘𝑙ℎ𝑠 + 𝑎𝑘ℎ𝑙𝑠) 𝐻𝑚𝑛
𝑖 𝑔𝑘ℎ

+ (𝑎ℎ𝑚𝑙𝑠 + 𝑎ℎ𝑙𝑚𝑠) 𝐻𝑛𝑘
𝑖 𝑔𝑘ℎ]  

+ [𝑎𝑛𝑘𝑚𝑠𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ + 𝑎𝑘ℎ𝑚𝑠𝐻𝑙𝑛

𝑖 𝑔𝑘ℎ

+ 𝑎𝑙𝑚ℎ𝑠𝐻ℎ𝑘
𝑖 𝑔𝑘ℎ + 𝑎𝑛𝑚𝑙𝑠𝐻𝑘ℎ

𝑖 𝑔𝑘ℎ]

+ [𝑎𝑘ℎ𝑛𝑠𝐻𝑙𝑚
𝑖 𝑔𝑘ℎ + 𝑎ℎ𝑙𝑛𝑠𝐻𝑚𝑘

𝑖 𝑔𝑘ℎ

+  𝑎𝑚𝑛ℎ𝑠𝐻𝑘𝑙
𝑖 𝑔𝑘ℎ]  

+ [𝑎ℎ𝑙𝑘𝑠𝐻𝑚𝑛
𝑖 𝑔𝑘ℎ + 𝑎𝑙𝑚𝑘𝑠𝐻𝑛ℎ

𝑖 𝑔𝑘ℎ

+  𝑎𝑛𝑘𝑙𝑠𝐻ℎ𝑚
𝑖 𝑔𝑘ℎ] = 0 

If the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠 is symmetric in 

first, second and third indicators, then the above equation 

can be written as 

(3.31)     2[𝑎𝑚𝑛𝑘𝑠𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ + 𝑎𝑛𝑘ℎ𝑠𝐻𝑙𝑚

𝑖 𝑔𝑘ℎ + 𝑎𝑘ℎ𝑙𝑠𝐻𝑚𝑛
𝑖 𝑔𝑘ℎ

+ 𝑎ℎ𝑙𝑚𝑠𝐻𝑛𝑘
𝑖 𝑔𝑘ℎ  +  𝑎𝑙𝑚𝑛𝑠𝐻𝑘ℎ

𝑖 𝑔𝑘ℎ ]

+ [𝑎𝑛𝑘𝑚𝑠𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ +  𝑎𝑘ℎ𝑚𝑠𝐻𝑙𝑛

𝑖 𝑔𝑘ℎ

+ 𝑎ℎ𝑙𝑚𝑠𝐻ℎ𝑘
𝑖 𝑔𝑘ℎ + 𝑎𝑙𝑛𝑚𝑠𝐻𝑘ℎ

𝑖 𝑔𝑘ℎ]

+ [ 𝑎𝑘ℎ𝑛𝑠𝐻𝑙𝑚
𝑖 𝑔𝑘ℎ + 𝑎𝑙ℎ𝑛𝑠𝐻𝑛𝑘

𝑖 𝑔𝑘ℎ

+ 𝑎𝑚ℎ𝑛𝑠𝐻ℎ𝑙
𝑖 𝑔𝑘ℎ]  

+ [𝑎ℎ𝑙𝑘𝑠𝐻𝑚𝑛
𝑖 𝑔𝑘ℎ + 𝑎𝑚𝑙𝑘𝑠𝐻𝑛ℎ

𝑖 𝑔𝑘ℎ

+ 𝑎𝑛𝑘𝑙𝑠𝐻ℎ𝑚
𝑖 𝑔𝑘ℎ] = 0  

By using equations (3.18) and (3.24) in the above 

equation, we get 

(3.32)        𝑎𝑙𝑚𝑛𝑠 𝐻𝑘ℎ 
𝑖 𝑔𝑘ℎ + 𝑎𝑚𝑛𝑘𝑠 𝐻ℎ𝑙 

𝑖 𝑔𝑘ℎ + 𝑎𝑛𝑘ℎ𝑠 𝐻𝑙𝑚 
𝑖 𝑔𝑘ℎ 

                  + 𝑎𝑘ℎ𝑙𝑠 𝐻𝑚𝑛
𝑖  𝑔𝑘ℎ + 𝑎ℎ𝑙𝑚𝑠 𝐻ℎ𝑘 

𝑖 𝑔𝑘ℎ = 0  . 

Theorem (3.8). In 𝐺𝐾(𝐵)- 𝑄𝑅-affinity connected space, 

if the recurrence covariant tensor 𝑎𝑙𝑚𝑛𝑠 is symmetric in 

first, second and third indicators, then the tensor 𝐻𝑘ℎ
𝑖 𝑔𝑘ℎ 

satisfies the identity(3.32). 

4. Conclusion 

In this paper, we have studied the generalized recurrent 

Finsler spaces of fourth order with a non-metric Finsler 

connection. We have obtained the expressions of the 

fourth order recurrent curvature tensor and the h- fourth 

order recurrent curvature tensor. We have also studied 

the properties of these tensors and obtained some 

interesting results. 

Future work: In the future, we plan to study the 

generalized recurrent Finsler spaces of higher order with 

a non-metric Finsler connection. We also plan to study 

the applications of these spaces to other areas of 

mathematics and physics. 
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