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Abstract

In this study, we explore the generalization of Wely’s projective curvature tensor W]‘kh satisfying a specific
recurrence relation (3.1), which defines a generalized W-recurrent space, denoted as G274 W, — BRF, . By

investigating the conditions under which this tensor satisfies the generalized recurrence relations, we define
and analyze the properties of generalized W-recurrent, birecurrent, and Ricci tensors in the context of second-
order covariant derivatives. We derive a series of equations that describe the behavior of these tensors,
including the covariant derivative expressions and their relationships with scalar curvatures and deviation
tensors. A key contribution is the proof of various theorems that relate the generalized recurrence conditions
to torsion tensors and curvature properties. Specifically, we show that the Ricci tensor and associated tensors
exhibit generalized birecurrent Finsler space behavior under certain conditions. The results further provide
insights into the torsion and deviation tensors, highlighting their role in the overall curvature structure of
Finsler spaces. These findings extend the theory of recurrent spaces, offering a comprehensive framework for
understanding higher-order curvature phenomena in Finsler geometry.

Keywords: Generalized Recurrent and Birecurrent Finsler Space, Covariant derivative, Weyl Tensor jﬁch ,

Cartan's Curvature, Torsion Tensor and Ricci Tensor.

l. Introduction

Finsler geometry, as an extension of Riemannian
geometry, has become a vital tool in both pure and applied
mathematics, with applications spanning physics,
engineering, and other fields. The study of curvature
tensors in Finsler spaces has been a focal point for
researchers seeking to understand the geometrical
structures that characterize these spaces. The foundational
works of many scholars have shaped our understanding of
curvature properties, particularly with respect to various
generalized and recurrent structures in Finsler spaces.

A key advancement in this area was made [1], who
explored the w*-curvature tensor in the context of
relativistic space-times, providing new insights into the
behavior of curvature in spacetime. [2] furthered this study
by introducing the curvature tensor for spacetime in
general relativity, offering a more detailed look at the

interaction between geometry and physics. These studies
have significantly contributed to our understanding of
curvature in spaces with non-constant curvature. In the
realm of Finsler spaces, Al-Qashbari and collaborators
have made substantial contributions to the study of
recurrent structures and higher-order generalizations. [3]
presented a study on recurrent Finsler structures defined
by special curvature tensors, shedding light on their
higher-order generalizations. Similarly, [4] examined
generalized BK-recurrent Finsler spaces, extending the
scope of previous research on these recurrent properties
and highlighting their importance in understanding
complex geometric  structures. Additionally, the
exploration of generalized birecurrent Finsler spaces by
[5], [6] has provided a more profound comprehension of
the geometric properties associated with mixed covariant
derivatives in Cartan's sense. Further research on
curvature tensors in specific Finsler spaces, such as the
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studies of [7], [8], [9], [10] on second-order generalized
curvature tensors, and [13] on higher-order recurrent
Finsler spaces with Berwald's curvature tensor, has
expanded the framework for understanding the complex
interactions between curvature and geometric structures in
higher-dimensional Finsler spaces. The systematic review
by [14] on various special Finsler spaces has also
contributed to this comprehensive body of knowledge,
offering a valuable resource for researchers interested in
the diversity of curvature-related properties in Finsler
geometry.

Previous research in the field of Finsler geometry has
significantly contributed to the understanding of
generalized recurrent spaces, curvature properties, and
their applications. [12] explored certain generalized BK-
recurrent Finsler spaces, contributing to the deeper
understanding of Finsler geometry through the study of
their curvature tensors. In parallel, [15] focused on
generalized birecurrent spaces, further enhancing the
mathematical foundation of these structures. Pandey,
Saxena, and [16] also contributed to the study of
generalized H-recurrent spaces, exploring their geometric
characteristics. [17], in his seminal work, provided a
comprehensive overview of the differential geometry of
Finsler spaces, laying the groundwork for subsequent
studies in the field. Collectively, these studies have paved
the way for further exploration of Finsler spaces,
particularly in the context of recurrent spaces and
curvature tensors.

This paper aims to extend these studies by focusing on the
generalized curvature tensors in Finsler spaces,
particularly in relation to the recurrence properties and
higher-order generalizations of these structures. By
building upon the work of these key researchers, we seek
to provide new insights into the nature of curvature and its
implications for the classification and analysis of Finsler
spaces.

In the field of differential geometry, Finsler spaces
represent an essential extension of Riemannian geometry,
with applications in both physics and pure mathematics.
This paper introduces and explores the generalized W-
recurrent space, a specific class of Finsler space, where the
curvature tensor satisfies a novel condition, as defined by
equation (3.1). The study of such generalized spaces is
crucial for understanding the behavior of curvature in
higher-dimensional geometries, particularly in spaces with
non-constant curvature.

This research derives several fundamental relationships,
including the transvection of curvature tensors into higher-
dimensional spaces, the covariant derivatives of torsion
and deviation tensors, and the resulting theorems that
govern the behavior of these tensors in Finsler geometry.
We specifically examine the generalized birecurrent
property of curvature tensors, extending the scope of

Finsler space studies and contributing new insights into
the classification of such spaces.

The key result of this work is the derivation of explicit
conditions for the torsion and Ricci tensors, as well as the
curvature relations (3.7) and (4.19), which provide deep
connections between the curvature of the space and the
underlying geometric structure. Furthermore, this paper
demonstrates that under specific conditions, Finsler spaces
with generalized birecurrent properties exhibit unique
geometric characteristics, offering a new direction for
future research in curvature and torsion analysis in Finsler
geometry.

Two vectors y; and y* meet the following conditions

a) }’i=.9ij}’j )
b) yiy' =F2,
C) 6].kyj =yk7

d) 906 =grj

) g8 =g",

fy 9;,y'=1 and

9) ajyh =9jn - (1.1)
The quantities g;; and gV are related by

. 1,if i=k
gk gk {1 :
2 9ij 97" = 8i {O,ifiqtk.

b) g¢’*, =0 and
c) 9ijin = 0. (1.2)
Tensor C;jy is known as (h)hv-torsion tensor defined by
Q) Cip=-0 = 29,99, F? and
ijk =30iGjk = 70i0;0k
b) Cijkyi = Cijkyj = Cijkyk =0. (1.3)

The vector y! and metric function F are vanished
identically for Cartan’s covariant derivative.

a) F,=0 and
b) yilh =0. (1.4)

The h-covariant derivative of second order for an
arbitrary vector field with respect to x* and x/,
successively, we get

Xiwy = 0 (X) = (Xj) T + (X[ I
— (9Xi) 5 v*. (15)
In view (1.5) and by taking skew-symmetric part with

respect to the indices j and k, we get the commutation
formula for Cartan is covariant differentiation as follows:

Xiitj = Xljie = XKy — 0 XD) Ky y* . (16)
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Where, Kkh = 0; Tt + (0, I} G + Tl T
— (0, )G — T T (1.7)

The tensor K, iien as defined above is called Cartan’s fourth
curvature tensor, this tensor is positively homogeneous

of degree zero in the directional arguments Y i

Tensor Wi, , torsion tensor
W' are defined by:

/i and deviation tensor

i i 25)
Wikn = Hjen + o5 Hiney +

(n +1)a Hieny

+ G 1)(nH]h+HhJ+y 0;Hpr)

st .
- (nz_h_l) (n Hjx + Hy; + y"0;Hyy) (1.8)

i _ i ¥t
ik = Hijie + oy Hijna

+2 {( 25 (n Hy — y"Hyyr) } (1.9)

W].l = H].l —H 5}.1
respectively.

(0.Hf —9;H) y', (1.10)

(n +1)

The tensors Wi, , and Wj, satisfy the following
identities

a) Wﬁch yli =W,

b) Wkih yk = Wif )

) Wi, =W, and

d) gir Wﬁcn = W‘rjkh . (1.11)

Also, if we suppose that the tensor Wj" and W, satisfy
the following identities

a) Wiy*=

by Wi=0,

) guW=W,,

d) g W, =W and

e) Wyy =0. (1.12)

Cartan’s third curvature tensor R}, , Ricci tensor Ry, ,
H},,, the vector H, and scalar curvature H are defined as

a) R}kh = Ff{]i'k + (Fla;lk) Gr, + CJ‘m(Gi’h - Gyt Gj)

o T =1

b) R}khyj =Hlich )
¢) Rixy’ = Hy ,
d) Ry y*=R; ,

e) Rl =

f) g R;kn = Ryjkn

9) gijjk =r ,

h) gij}kh =R},

i) R ]kl = Rjg ,

) Hiy'=H=(n-1DH,

) Hiny* =Hj and

k) H; = H, . (1.13)

The 4th curvature tensor K, , the Ricci tensor Kjy , the

vector K, , and the scalar curvature K are defined as
follows

a) Kjikhyj = Hpy |

b) I(]ky] =Hk )
¢) K y* =K, ,
d) gijjk =K ,

e) jk,— Kj, and

f) g/*K kh _Kh (1.14)

2. Preliminaries

We introduced the generalized by Cartan’s covariant
derivative for Wely’s projective curvature tensor W]‘kh
was given by (see [7]).

jl}ch|m =n jl}ch + (8195 — 51igjh) . (2.1)

A Finsler space F, which the curvature tensor Wi,
satisfies the condition (2.1) is called a generalized W,-
recurrent space and denoted by G W), — RE,.

|[m is called h-covariant derivative of with respect to x™

Taking the h-covariant derivative of (2.1), with respect
to x!, and using (1.20), we get

le}chlmll = A1 Wien + 4 th|z
+llm|z(5filgjk — 8k jn) -
Using (2.1) in above equation, we get
le}cmmu = (Amll + Amlz) jl;ch
+(#z + Hm|z)(5iilgjk - 6ligjh) . (2.2)
The equation (2.2), can be written as
Wicnimii = @mi Wikn + b (859 — 6k jn)- (2.3)

where apy = Ay + Apdiand by = pmy + Ay are
non-zero covariant tensors field of second order,
respectively.
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A Finsler space F, which the curvature tensor Wi,
satisfies the condition (2.3) is called a generalized W,-
birecurrent space and denoted by GW,,, — BRE, .

From (1.3b), we can write (2.1) by the follows form
Vijkh|m = AmVVjL;ch + #m(aiilgjk - aligjh)
+ Y (Wi Cijiey' — WiCijny") - (2.4)
3. The Extension of Generalized W~

Birecurrent Finsler Space

In this section, we introduce a new class of Finsler
spaces, namely, generalized W,-birecurrent spaces.

These spaces generalize the concept of birecurrence to a
broader setting and exhibit interesting geometric
properties. We investigate the curvature tensor of these
spaces and establish several characterization theorems.
Our work in this section we defined |l|m is covariant
derivative of second order.

Using the conditions (1.3a), (1.1b), (1.1f), and (1.19), in
(2.4), we get

Vl/jfkmm = lmVle;ch + Hm(siilgjk - aligjh)
1 . .
+Zym(Wlé Gjin —Wigp) - (3.1)

A Finsler space F, which the curvature tensor j‘}ch

satisfies the condition (3.1) is called the generalization
generalized W,,- recurrent space and denoted by

G2 W, — RF, .

Taking the h-covariant derivative of (3.1), with respect
to x!, we get

Wicnimi = AmiWikn + Am Wik,
+ Wi (8191 — 6kGjn)
+ W (81.9jx — Skgjn )”
1 . .
+Zym|l(Wklgjh — Wigji)
1 . .
+ = V(Wi gjn _Wi:gjk)ll- 3.2)
Using (1.2c) and (3.1) in (3.2), we get
Wienimit = AmpiWiien
+ A (llvvjl;ch + ”l(si’;ngk - 6}igjh)
1 i i
+ ZYI(Wkgjh - Wigjx)
+ Wi (85 gjn — Oh9jic)
) . )
+Zym|l(Wkltgjh - Wigjk)

1 , ,
+Zym(WkLg}h - Wi;g]k)” '

Or

W}'l}cmmu = (Amll + AmAy )lekh

+(/1muz + |J-m|l)(6filgjk - 5;’;91'}1)
1 . )
+, Gmy + Yorr) Wigin — Wigjx)
1 i i
+ZYm(Wkgjh - anjk)“- (3.3)
The equation (3.3), can be written as
W}'l}cmmu = amlel}m + by (6fizgjk - 51fcgjh)
1 . .
+Zcml(Wklgjh - Wigjx)
1 i i
+2Ym(Wigjn — Whgjk)ll- (3.4)
where A = Amll + Aml‘ll, bml = I’J'm|l + Am“l and

Cmi = (A1 + V1) are non-zero covariant tensors field
of second order, respectively.

Definition 3.1. In Finsler space, which the Wely’s

projective curvature tensor Wj‘}m satisfies the condition
(3.4) is called the generalization generalized.

W,,,- Birecurrent specs and the tensor will be called a
generalization generalized h-Birecurrent specs. These
space and tensor denote them briefly by G2™¢ W, —

BRE, and G*™ h — BR, respectively.

Result 3.1. All a G*™ W,,-recurrent space is a
G*" W),,- Birecurrent specs.

Transvecting condition to a higher dimensional space
(3.4) by y/, using (1.1a), (1.3b), (1.5b) and (1.11a), we
get

Wkihlmll = @y Win + byt (81Y1 — 8kVn)
1 . .
+3 Cmt(Wiyie = Wivn)
1 . .
+2Vm (Wi vie — Wi yh)“ : (35)

Again, transvecting condition to a higher dimensional
space (3.5) by y*, using (1.1b), (1.2a), (1.2c), (1.4b),
(1.12a) and (1.11b), we get

Wfilmll = amuWy + byt (64F* = y'y)
1 i 1 i
+ 5 G WhF? + S ¥m (W,{FZ)”. (3.6)
Therefore, the proof of theorem is completed, we
can say

Theorem 3.1. In G*** W,,, — BRF,, the torsion tensor

W}, and deviation tensor W} are given by equations (3.5)
and (3.6).

Contracting the indices space by summing over i and h in
the conditions (3.4) and using (1.1d), (1.2a), (1.11c),
(1.12b) and (1.12c), we get
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Wikimit = @muWjk + bpu(n — 1) g

1 1
- Zleij - ZVmVijU . (3.7)

Again, transvecting condition to a higher dimensional
space (3.4) by g;., using (1.1d),(1.2c), (1.11d) and
(1.12c) we get

W, iknimit = @GmuWejkn + bml(grh 9jx — rk gjh)
1
+5 cnt(Won 9jic = Wri 9jn)
1
+ 2 Ym(Wengjic = ergjh)ll : (3.8)

Therefore, the proof of theorem is completed, we
can say

Theorem 3.2. In G*"* W, — BRF, , the Ricci Wy, and
the associate tensor W, ., are generalized birecurrent
Finsler space given by the equations (3.7) and (3.8).

Transvecting (3.7) by g’*, and using (1.1e) and (1.12d),
we get

M/Imll =amW + byp(n—1)
1 1
~ e =2 vl 9)

From conditions (3.9), we show that the curvature scalar
W cannot equal to zero because if the vanishing of W
would imply a,; =0 and b,; =0, that is a
contradiction.

Therefore, the proof of theorem is completed, we
can say

Theorem 3.3. In G2 W, — BRE,, the scalar W in
equations (3.9) is non-vanishing.

4. Exploring the Relationship Between
Weyl’s Curvature Tensor and Cartan’s
Third Curvature Tensor in Finsler
Geometry

Finsler geometry, which extends the concepts of
Riemannian geometry, offers a robust framework for
modeling a diverse range of physical phenomena. Within
Finsler spaces, the curvature properties of the space are
described by various curvature tensors, with Weyl’s and
Cartan’s third curvature tensors being of particular
significance. While the individual geometric and
physical implications of these tensors have been widely
studied, the connection between them has not been fully
explored and remains an area of active research.

This paper aims to examine the relationship between
Weyl’s curvature tensor and Cartan’s third curvature
tensor within the context of Finsler spaces. By analyzing
their algebraic and geometric properties, we aim to
derive new identities and inequalities that connect these
two fundamental tensors. The results of this study are

expected to enhance our understanding of the curvature
structure of Finsler spaces and offer new insights into
their potential applications, particularly in gravitational
theories and cosmology.

Some properties of le}m curvature tensor was proposed
by Ahsan and Ali [3],[4] in (2014). For (n =4) a
Riemannian space, it is known that Cartan’s third
curvature tensor R}kh and Wely’s projective curvature

tensor jl}(h are connected by the formula
. . 1 . .
Vlekh = R}kh +§(6II;C Rin — gk Rh) . (4.1)

Taking the covariant derivative of (4.1), with respect to
x™ and x! in the sense of Cartan and using (1.2c), we get

ienimit = Rinpmy + i(&i Rin, — gjx Rh )Imll . (42
Using (3.4) and (4.1) in (4.2), we get
R;khlmll = Ay (R}kh + §(5zl< Rin — 9ji RE) )
+ by (5}19]'1« - 6ligjh)
+icml(Wi£gjk - Wigjn)
+ iym(wiigjk - Wkigjn)”
+ § (8L Rjn — gjx Rh )Imll'
Or
R}khlmll = Ay R}kh + by (819k — 6L9jn)
+§aml(6lic Rin = gjx Ri)
+icml(wifgjk — Wigjn)
+%Vm(W}igjk - Wkigjh)ll
+§(51ith - gf"R;")lmll' (4.3)
This shows that
R}khlmll =y R}kh + bml(aﬁgjk - 5ligjh)
+icml(WP£gjk —Wigjn)
+iym(Wi£gjk - Wkigjh)ll ‘ (4.4)

If and only if
(SkRin — 9j R;l)|m|z

= aml( 51i< th — Gjk R;l) (4.5)
Therefore, the proof of theorem is completed, we
can say
Theorem 4.1. In G*"* W,, — BRF,, Cartan’s third
curvature tensor R}kh is a generalized birecurrent Finsler
space if and only if the tensor (84 R;, — g R is a
generalized birecurrent Finsler space.
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Transvecting condition (4.3) by y/, using (1.1a), (1.4b),
(1.13b) and (1.13c), we get

Hlichlmll = Ay Higp + by (5iizYk - 51i3’h)
1 . .
+3 Qi (8 Hy = yic RE)
1 . .
+ Zle(Wfb’k — Wiiyn)

+ 1 m(Wiyvie = W),

+2 (8L Hy — i R (4.6)
This shows that
Hlichlmll = apy Hip + b (8Lye — Skyn)
+icml(wiiyk - WkiYh)
+ 1 ¥m(Wiye = Wivn), - (“.7)

If and only if
(511; Hp = yk R;z) = aml(alic Hp — yk R’il ) (4.8)

The proof of theorem is completed, we conclude

|m|l

Theorem 4.2. In G*"* W, — BRF,, the covariant
derivative of the second orders for the torsion tensor

Hl, is a generalized birecurrent Finsler space if and only
if (4.8), holds good.

Transvecting (4.6) by y*, using (1.1b), (1.1c), (1.4a),
(1.4b), (1.12a) and (1.13]), we get
Hlillmll = @y Hy + by (' yn — 64 F?)
+icmlWifF2 +iymwfi|l F?
1 . .
+3am(y'Hy — F?Ry)

+5 (y'Hy, — F2R},) (4.9)

Imjt
This shows that
Hpjmpt = @ity + by (' v = 8, F?) +
= Cog Wi F2 4 =y Wiy, F2. (4.10)
If and only if
(v'Hy = F? Ry ), = am(y'Hy = F?Ry ). (4.11)

Therefore, the proof of theorem is completed, we
can say

Theorem 4.3. In G*"® W, — BRF,, the covariant
derivative of the second orders for the deviation

tensor H}, is a generalized birecurrent Finsler space if and
only if (4.11), holds good.

Contracting the indices i and h in the equations (4.6) and
(4.9), respectively and using (1.2a), (1.1a), (1.1b), (1.4a),
(1.13k), (1.13t), and (1.12b), we get

Hypmpi = @miHy + (1 — 1) by yie
+ 1 em(Wiyi) + 7vm(Wivi),,
+§aml(Hk — Yk R)
+2(He = Yie Ry - (4.12)
This shows that
Hypnp = @l + (1 = 1) by yic + %le(WIjYi)

+3rm(Wiy), - (413)
If and only if
(He — kR Dimp = am(Hy — yxR). (4.14)
And

1
H|m|l = amlH + (1 - Tl)bml F? +§ (H - F2R)|m|l

+=am(H —F?R).

(4.15)

This shows that

Hppi = @mH + (1 — )by, F?. (4.16)
If and only if

(H — F?R) ;= @nu(H — F?R). (4.17)

Therefore, the proof of theorem is completed, we
can say

Theorem 4.4. In G*"* W, — BRF,, vector H, and

scalar H are given in (4.13) and (3.16) if and only if the
conditions (4.14) and (3.17) are holds good, respectively.

Contracting the indices i and h in the equations (4.3) and
using (1.1d), (1.1b), (1.13i), (1.13e), (1.12d) and (1.12b),
we get

Rikpmii = @muRjx + (1 = 1) by g

1 1
+ ;szij + ZVijkH

+§(Rjk —9jkR ),m“

1
+§aml( Ry —gjxR). (4.18)
This shows that
Rigimii = @muRjx + (1 = )by gjic
1 1
5 Wik + 2 Vm Wi, - (4.19)
If and only if
(R]k — g]k R )|m|l = aml(Rjk— g]k R ) . (420)

In conclusion the proof of theorem is completed, we
get

14
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Theorem 4.5. In G?™4 W), — BRE, , R-Ricci tensor R
is given in (4.19), if and only if the condition (4.20) is
holds good.

Transvecting (4.18) by y*, using (1.1a), (1.1c), (1.4b),
(1.12€) and (1.13d), we get

Rijmi = @muRj + (1 = )by y;
1 1
+§(R,. - YR )lm” +§aml(Rj —yiR). (421)

This shows that

If and only if
(R, —y;R )lm” = am(Ri- ¥;R). (4.23)

Transvecting (4.3) and (4.18) by g/¥, respectively using
(1.2a), (1.2b), (1.12d), (1.13g), and (1.13h), we get

R;zlmll = am R;z + (Tl - 1)bml 6;1

1 i 1 i
+L (= D Wy + 5 (0= 1) v Wy,

s —-D(RL),  —s(—Dam R . (4.24)

Imjt 3

This shows that

R;zlmll = am R;z + (Tl - 1)bm16fl1

+ i (n— De Wi + i(n — Dym Wiill . (4.25)
If and only if
(R;;)lm” = a,R; . (4.26)

And R|m|l = am[R + (1 - n)n bml + %leW
1 1
VWi + 50 =n)(R)
+§(1 —n) ayR. (4.27)

This shows that
Rimji = @R + (1 —n)n by

+ 5 CruW + 5 VW (4.28)
If and only if
(R = amiR . (4.29)

In conclusion the proof of theorem is completed, we
get

Theorem 4.6. In G*"® W,, — BRE,, vector R; , the
projective deviation tensor R}, and scalar R are given in
(4.22), (4.25) and (4.28) if and only if the conditions

(4.23), (4.26) and (4.29) are holds good, respectively.

Transvecting (4.3) by g;,, using (1.1d), (1.2c), (1.12c)
and (1.13f), we get

Ry jxnimii = GmiRyjin + boi(Gric 9jn — Grn 9ji)

+ % ( Irk Rjn — G Rrh)

|m|l
+ % (oY) (grk Ripn — gjk Rrh)
+ i cnt(Wyke Gjn — Wen 9jic)
+ %Ym(er gin = Wen gji) . (4.30)
This shows that
Ry jknpmiit = AmiRrjin + bt (Gri gjn — Grn gjk)
+icml(er 9in—Won gjx)
+ %Ym(er gin = Wen Gji) . (4.31)
If and only if
(9rx Rjn — gk Rrh)lmll
= anu( gk Rin = Gjic Ren)- (4.32)
Thus, the proof of theorem is completed, we get

Theorem 4.7. In G*™@ W), — BRE, , associate tensor
Ryjkn ( Cartan’s 3™ curvature tensorR}'kh) is a

generalized birecurrent Finsler space if and only if the
condition (4.32), holds good.

It is known that Cartan’s 3™ curvature tensor R}'kh and
Cartan’s 4™ curvature tensorl(j"kh are connected by the
formula [17]

Ren = Kign + Cf, Hp,. (4.33)

Taking the covariant derivative of (4.33), with respcet to
x™ and x! in the sence of Cartan we get

Rinimit = Kienimie + (Cp Hin ), (4.34)
Using (4.3) and (4.33) in (4.34) we get
Kienimit = @miKien + by (5k 9jn — 61951 )

—(c}, H,fh)lmll + am C, Hy,
+iCm1(Wri I — Wi gjn)
+ i}’m(er gjx — Wi gjh)ll
+§(51ic Rin = gjk Rh )Imll
+5 i (84 Rin — gy RE) (4.35)

This shows that

Kjikhlmll = alejikh + bt (85 gjn — 619k )
+icml(Wi£gjk - Wigjn)

+ iym(Wi:.gjk - Wkigjh)ll . (4.36)
If and only if
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(5;; th — Gjk RZ)

|m|l
and
(C]lp Hlfh)|m|l = Am C]LP Hlfh . (438)

Thus, the proof of theorem is completed, we get

Theorem 4.8. In G*@ W), — BRE, , Cartan’s 4th
curvature tensor K, is a generalized birecurrent Finsler
space if and only if the tensors (&% R;, — g Rf,) and
(C},Hy,) are a generalized birecurrent Finsler space.

Contracting the indices i and h in the equations (4.35)

and using (1.1d), (1.1b), (1.13e), (1.14e), (1.12c) and
(1.12b), we get

1
Kiiimi = @muKjre + (1= 1) by gjic + 3 cruWik

1 .
+ =YW — (Gl Hi )

|m|tl

. 1
+ayy Cfy Hyy + 3 (R —gjxR)

Im|t

1
This shows that

Kikjmii = @GmuKix + (1 = 1n)bpy g

1 1
+ 5 Wik + 2 VmWikgr - (4.40)
If and only if
(Rjk - gk R )|m|l = aml(Rjk — g R ) . (4.41)
And (C}, HE; )yt = @mt Cip Higy - (4.42)

Transvecting (4.39) by y*, using (1.1a), (1.1c), (1.4b),
(1.12a), (1.12¢), (1.14c) and (1.13d), we get

1
+§aml(Rj -y R) = (Cp HY)

+am Gy HY - (4.43)

Im|l

This shows that

Kjimit = @K + (1= 1) by - (4.44)
If and only if

(R; = ¥R )y, = @ (R = % R). (4.45)
and

(G} HE )Imll =ty Cjp HY . (4.46)

Thus, the proof of theorem is completed, we get

Theorem 4.9. In G2™@ W), — BRE, , K—Ricci tensor K,
and curvature vector K; is given in (4.40) and (4.44), if

and only if the conditions (4.41), (4.42), (4.45) and (4.46)
are holds good, respectively.

Transvecting (4.35) and (4.39) by g’¥, respectively using
the equations (1.2a), (1.2b), (1.12d), (1.14d), and (1.14f),
we get

. . o1 .
Killlmll = ale}lL + (Tl - 1)bml 6}11 + Z(n - 1)le Wli

1 i 1 i
+5 (= Dy Wy +5 (1 —n)(R)

4 |m|l

1 . . .
3 (= m)am R, — (Gl HRw )
+amg”’* (C), Hyy) - (4.47)
This shows that

. . . 1 .
Klzlmll = alesz + (n - 1)bml 6;1 + 2 (n - 1) Cmi Wi{

+5 (= 1) Y Wiy, (4.48)
If and only if
(Cp HEn gy = Gt Cl, HY, . where g7k % 0. (4.49)
And
(R}, = @t R - (4.50)
Also,

K = @K + (1 —m)n by + %leW
+ YWt + 5 (1 = ) (R)
+ % (A -mamR — gjk(q‘ip Hth)|m|l
+am 97 (Cp Hi) - (4.51)
This shows that
Kimj = @K + (1 —n)n by

+ 2 W + YW (4.52)
If and only if
(Cip Hlfh)lmll = a (Cjp Hpy, )  where g/ # 0, (4.53)

Thus, the proof of theorem is completed, we get

Theorem 4.10. In G*"* W, — BRFE,, the projective

deviation tensor K} and scalar K are given in (4.48) and
(4.52) if and only if the conditions (4.49), (4.50), (4.53)
and (4.54) are holds good, respectively.

Conclusions

In this paper, we have extensively studied the generalized
W, -recurrent Finsler space, denoted by G*na W, —
BRE, , and its associated curvature and torsion tensors.
Our analysis has led to the formulation of various
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conditions and theorems that describe the behavior of
these tensors under specific transformations. We derived
the essential equations governing the covariant
derivatives of the Wely's projective curvature tensor in
the context of higher-dimensional spaces, illustrating the
non-trivial interactions between the curvature and torsion
tensors. Specifically, we showed that the space
G W), — BRE, exhibits generalized birecurrent
behavior, a property that links the torsion and deviation
tensors in a consistent mathematical framework.
Additionally, we demonstrated that the Ricci tensor, the
deviation tensor, and the torsion tensor exhibit specific
conditions under which they maintain their generalized
birecurrent Finsler space characteristics. Our results also
clarify how these tensors transform when subjected to
higher-dimensional transvection conditions, leading to
the establishment of key relationships and identities
between them.

The results presented in this paper are significant for
advancing the understanding of generalized Finsler
spaces, particularly those characterized by recurrent or
birecurrent properties. The derived conditions offer
valuable insights for future research in geometric
structures and their applications in various fields, such as
differential geometry and theoretical physics.

Moreover, the theorems established, particularly
Theorems 3.1, 3.2, 4.1, and 4.5, provide a comprehensive
framework for studying the curvature and torsion tensors
in generalized Finsler spaces. These findings can
contribute to the development of more sophisticated
models for geometric objects in higher-dimensional
spaces, with potential applications in areas such as
general relativity and cosmology.

Future work should focus on further exploring the
implications of these results in practical contexts,
including their relationship with other geometric
structures and their potential role in the study of
spacetime models. Additionally, investigating the
stability of these generalized Finsler spaces under
various transformations could provide further insights
into the underlying geometric properties.
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