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Abstract

In this paper, we introduce a unified three-parameter ((k,p,s))-generalization of the Pochhammer symbol,
Gamma and Beta functions. Based on these definitions, a corresponding ((%,p,s))-generalized hypergeometric
function is defined. Several fundamental properties are derived, including functional equations, summation
formulas and integral representations. It is shown that many known extensions of special functions arise as
particular cases of the proposed framework, thereby unifying and extending earlier results in the literature.
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1. Introduction

Special functions are naturally generalizations of the
elementary functions and they play a vital role in the
solution of differential equations. These functions have
also a wide application in many branches of
mathematics, physics and engineering. Recently, various
extensions and properties of Gamma and Beta functions
have been introduced from time to time by several
authors (see [1], [2], [3], [4], [5], [6].[7]). Also, in many
recent works, the extended Gamma and Beta functions
and their generalizations are used to define a new
extension of some special functions such as Gauss’s,
Appell’s, Lauricella’s, Srivastava’s and Exton’s
hypergeometric functions (see [8], [9], [10], [11], [12],
[13]). In 2007, Diaz and Pariguan [14] have introduced
k-Pochhammer's symbol, k-Gamma and k-Beta functions
as follows:

(@px =ala+k)(a+2k)--(a+ (n—1k),
neN, k>0, 1D

oo tk
L(x) = f t*Lexp (— —) dt,
0 k
Re(x) >0,k>0 (1.2)

and

1

1 x4 Y4
B, (x,y) = Ef tk " (1 —t)k ~dt,

0
Re(x) > 0,Re(y) > 0. (1.3)

Remark .1.1. If we putk =1, in the equations (1.1),
(1.2) and (1.3), then we get the classical Pochhammer's
symbol, Gamma and Beta functions [15]

(@p=ala+1(a+2)- (a +(n-— 1)),

a€C,neN, (1.4)
I'(x) = j t*le~tdt,Re(x) >0 (1.5)
0
and
B(x,y)

= jlt"‘l(l —t)¥"1dt,(Re(x) > 0,Re(y) > 0).
0

(1.6)

Gehlot [16] have introduced another form of extended
Pochhammer's symbol, Gamma and Beta functions of
two parmeter as follows:

(a) Z,k

- () () (o)L= )
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. DS _ —1(Jjp | ap
a€C,neN,kp>0, 1.7 (a pe _H;'I:O (?4_;)’ 2.1)

oo —tk
ol (%) = f t*Lexp <—> dt,
0 p

Re(x) > 0,k,p>0 (1.8)

and

1

1 x4 Y_4
B () =3 [ - ok ae

Re(x) > 0,Re(y) > 0. (1.9

Remark.1.2. If we putk = p = 1 in the equations (1.7),
(1.8) and (1.9), then we get the classical Pochhammer's
symbol, Gamma and Beta functions given in (1.4), (1.5)
and (1.6).

Recently, Mubeen et al. [17] have introduced a new
generalization of Pochhammer's symbol, Gamma and
Beta functions as follows:

Pla) s =a(a+§) ...(a+(n—1)§),

a€C,neN,ps >0, (1.10)

p
*© sts

”rS(x)=f e texp |~ " |de, 1.11)
0

x € C,Re(x) > 0,p,s €eR*

and
1 sx

Pps s - 1 2 _q
B (x.y)=5f tp (1—-t)p dt, (1.12)
0

Re(x) > 0,Re(y) > 0,p,s € RT.

Remark.1.3. If we putp =s =1, in the equations
(1.10), (1.11) and (1.12), then we get the classical
Pochhammer's symbol, Gamma and Beta functions given
in (1.4), (1.5) and (1.6).

Motivated by these developments, the main objective of
this paper is to introduce a unified three-parameter
extension that simultaneously generalizes the k-functions
of Diaz and Pariguan, the (p,k)-functions of Gehlot and
the (p,s)-functions of Mubeen et al. The proposed
framework provides a systematic approach to derive
known results as special cases while yielding new
identities and integral representations.

2. (k-p-s)- Pochhammer's symbol

In this section, we define a new generalization of
Pochhammer's symbol as follows:

Definition 2.1. The three-parameter generalized
Pochhammer's symbol is defined as:

fora € C;p,k,s € R*;n € N.
Particular cases:

i) For s=1,p =k, equation (2.1) reduces to k-
Pochhammer's symbol defined by Diaz and pariguan [14]

@k = @

ii) For s=1, equation (2.1) reduces to p- k
Pochhammer's symbol defined by Gehlot [16]

Pl _
(a)n‘k - p(a) nk-

iii) For k= g, equation (2.1) reduces to s-p
Pochhammer's symbol defined by Mubeen et al. [17]

@5 = "(@) 3.
'S

iv) For s=p =k =1, equation (2.1) reduces to
Pochhammer's symbol [15]

(@1 = (@

Theorem 2.1.

@ = (%) (%)n' 2.2)

@ =" (g) <(%)m+ 1) <(%)m+ 2) ....<(%) +mm—1> |
. . . 7

(@F ke = @7 (a+mi)Ps, (2.4)

@h = L (2.5)

(A -m)k - a):; .
Proof of (2.2). From (2.1), we have
(@7
apy cap | py (ap ZP) ap p
=(=)(=4+3)(=+—)..(— 1=
(sk) (sk + s) (sk + s (sk + )s)

=" QG+ )G+2)-(re-n)
which by using definition (1.4), we get the desired result.

Proof of (2.3). From (2.2), we have

@h= )" ()

Using the multiplication formula

@ =mm () (2 1>n (S 1)n,

m/, \ m m

mn

we obtain the desired result.

Proof of (2.4). From (2.2), we have

@i )" ()

N

m+n

m+n
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n+m

-6 @G,

=@ () G+ m),
- @5 () () (g 1) (o
+(-1)
- @, (p(a :kmk)> (p(a :kmk) N g)
x (Wﬂ{) ...(W+ (n— 1)2),

which by using definition (2.1), we get the desired result.
Proof of (2.5). From (2.2), we have

@in=()" )

Using the following identity:
_ (DM@

(@m-n = A—a-m),

m-n

and (2.2), we obtain the desired result.

Theorem 2.2.
- @hi pr\*
SR n _ pt
Z) et _(1 S) (| /S|<1),(2.6)
n=
9 . .
a(a)fjc = S(a e (2.7)
a § n §
> @ = =< (@7 (2.8)

Proof of (2.6). Using (2.2) and the binomial theorem, we
obtain the desired result.

Proof of (2.7) and (2.8). The derivatives are obtained
after expressing the symbol in terms of the classical
Pochhammer symbol as given in (2.2), we obtain the
desired result.

3. (k-p-s)- Gamma function

In this section, we define a new generalization of Gamma
function as follows:

Definition 3.1. The three-parameter generalized Gamma
function is defined as:

[ee)

6 = [

0

Forx € C,Re(x) > 0;p,k,s € R*.

1 stk
t* texp —? dt, (3.1)

Particular cases:

i) Fors = 1,p = k, equation (3.1) reduces to k- Gamma
function defined by Diaz and pariguan [14]

krkl (x) = L, (x).

ii) For s =1, equation (3.1) reduces to p- k Gamma
function defined by Gehlot [16]

i () = pli ().

iii) For k = g, equation (3.1) reduces to s-p Gamma
function defined by Mubeen et al. [17]

oI5 () = TP (x).

iv) Fors = p = k = 1, equation (3.1) reduces to Gamma
function [15]

i (x) =T (x).

Theorem 3.1.

1 (p % X
i@ =1 (B)r () 82)
e (x+k) = % ol (), (3.3)

ol (a +nk)
plic (@)
Proof of (3.2). Using the substituting u = %tk in (3.1),

we find

(@)% = (3.4)

X
1 [ x
ol (x)=—(§)kf0 uk e tdu.

Using (1.5) in the above equation, we obtain the desired
result.

Proof of (3.3). Using (3.2), we have

e+ =+ () r(Ee)

_ox f1 oyep(x
T ks {k (s) r(k)}’
which by using (3.2), we get the desired result.

Proof of (3.4). Equation (3.4) generalizes the classical
relation between the Pochhammer symbol and the
Gamma function. Denote the right-hand side of (3.4) by
R and using (3.2), we have

@)
"
0= &),

n

R =

which by using definition (2.2), we obtain the Left-hand
side of (3.4). This completes the proof of Theorem 3.1.
4. (k-p-s)- Beta function

In this section, we define a new generalization of Beta
function as follows:
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Definition 4.1. The three-parameter Beta function is
defined as:

ol () pIie ()
e +y)
Re(x) > 0,Re(y) > 0,k,p,s € R*.

pBr(x,y) = (4.1)

Particular cases:

i) For s =1,p = k , equation (3.1) reduces to k- Beta
function defined by Diaz and pariguan [14]

1Bk (x,y) = By (x,).

ii) For s =1, equation (3.1) reduces to p- k- Beta
function defined by Gehlot [16]

pBI% (x'Y) = ka (x:}’)-

iii) For k =§ , equation (3.1) reduces to s-p- Beta

function defined by Mubeen et al. [17]
»Bs (%, ¥) = "B (x,y).

iv) For s = p = k = 1, equation (3.1) reduces to Beta
function [15]

1Bll (x,y) = B(x'}’)-

Theorem 4.1.

s 1t x, Y,
B =g [ Fra-oe a2

B)ni _ BB+ 1k,y = B)

W BBy B
Proof of (4.2). Employing (3.2) into (4.1), we get the
desired result.

Proof of (4.3). Consider the left-hand side of (4.3) and
using (3.4), we have

By B +nk) L)

Wi B GG +nk)

_ e (B +nk) 7 (v — B) e @)

B ple (v +nk) oI B) pEy = BY

which by using (4.1), we get the desired result.

(4.3)

5. (k-p-s)- Generalized hypergeometric
function

Definition 5.1. The three-parameter generalized
hypergeometric function is defined as:

kp,
q+1fg P (a,ﬁl, v Bgs Y, oo Ygs x)

D,s

_ i @7k B - (Ba),,  xm

s s v
= (), ™

a B By 1 Vq_px)
=q+1Fq <k;kl"-:k’k:---:k;s ) (51)
fora €C; v €C\z5,j=12..,q,; k,p,s € R".
Remark.5.1. If we sets =p =k =1 in the equation
(5.1), then we get the generalized

hypergeometric function [15]

a1 B (@ By s BV, Ve X) = quaFy (@ Bus s Bai V1, 1 Vg X)

[oe]

_ Z (a)n(ﬁl)n (ﬁq)nﬂ
B (yl)n (yq)n n! .

(5.2)
n=0

Remark. 5.2. If we set g = 1in equation (5.1), then we

get the three parameter Gauss hypergeometric function

P (a, B35 %)

B Z (@ B x™

=) Lkt
e )y

Theorem 5.1. If Re(y;) > Re(B;) > 0;j =1.2...,q;
Y; € C\z; ; k,p,s € R, then
a1 Fa P (@ By s By Ve, oo Vs X)

1
i1 BBy = B))

X
/N
x|~
N———

~
o bl
-
o )
fy
I Q
o~
|
~~
=y
|
\.(‘F
N—r
<
.
=
)
N
e

ty ...LPX\K
x (1—i) dt, ..dt, . (5.4)

Proof. Employing (4.3) in (5.1), we have

q+1Fqk‘p‘s ((X, ﬁll ---'ﬁq;yl, '"!Vq;x)
— Z(a)p,s pBli(Bl + nk, Y1 .31) pBli(.Bq + nk, Yq — .Bq) ﬁ
L BBy — B) pBi(Byva —Bq) ™

Employing (4.2) and the binomial theorem we obtain the
desired result.

Corollary 5.1. Taking g = 1 in (5.4), we get
1

R (@, B;y; %) =
A B = e B =B

1 p Y-8 N

x f (1 -t (1 —%) dt. (5.5)
0

Corollary 5.2.

kp,s A prks(y) prks(y_a_ﬁ)
o (wbiri) = e~ -

Proof. Setting x = 5 in (5.5), we obtain
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kp, s
:F i (a'ﬁiyig>

——1 _ _ﬁ—1
Tk Bk(ﬂy ﬂ)f a-07
pBli(.B'V_a_ﬁ)
pBlg(ﬂ;y_ﬂ) .

which by using (4.1), we get the desired result.

Further, if we put @ = —nk in (5.6) and using (3.4), then
we obtain

0 =B
FfP° (—nk, B;y;3) = ——5=~. (5.7)
A7 ) L

Theorem5.2. Ifa; € C; B € C\z5;j = 1,2 ...,q;

Re(y) > 0, then

o (Bg +7)
ol (ﬁq) oIk ) Jo

k.,
X q+1Fq P ((XL ey aq+1;ﬁ1, ..-,Bq; Xt)dt

= kg 1Fy P (@ s @gans Bus o) By + V3 X). (5.8)

Proof. Denoting the left-hand side of (5.8) by I, using
(5.1) and (3.4), we get

—'1(1 t)__l

[ = i (al)flic e (QQ"'l):jcﬁ prks(ﬁq + )/)
By - (Bar)on ™ oI @) T3 (Bg + k)

n=0

1 ﬂ +TLk Y
X f t 11— or dt
0

Using (4.2), we get

=

0 (al)flrs ....(aq+1):'2 xm k rks(Bq +]/)

LB (Bamt)n M ol () I3 (Bg + k)
X pB;j(,Bq + nk, y).

Finally, employing (4.1) and (3.4), we get the desired
result.

Corollary 5.3. Settingg = 1,8; = 8 in (5.8), we have
ol B+V)
ol B) oI (¥)

Lp_ Y_
xf tk (A — K LFP (g, ay; B; xt)dt
0

=k R (ay, a5 B +7; %) . (5.9)

Corollary 5.4. Settinggq =2,,8, =8, B, =a; and
replacing y by y — a5 in (5.8), we have

1'15‘ 1 -
_ p'k (3/) J’ t%_l(l 3 t)y ka3_1
oIk (as) oIk (y —a3) Jo

X LFPS (ay, ay; B; xt)dt
=k 3F2k'p's (a1, @z, as; B,v;%). (5.10)
Theorem 5.3. ForRe(y —a — ) > 0; y € C\zg, k,p

,s € R*, we have
k,p,s S
5F, <—mk,a,ﬁ’; A-mk-y+a+ 'B'Y;E)
=m0 =B
(V)fn_k()’ —a— ﬁ)m,k.

Proof. The Euler’s transformation of the Gaussian
hypergeometric function is given as follows (see [15]):

F1 (a,By;x)
= -x)"*FF, r—ay-Biy;x). (512)
Using (5.12) in the right-hand side of (5.3), we get

P (@, 8575 %)

a-ﬁ
xp
=(1- ?)

(5.11)

Py —ay = Bv;%), (5.13)
or

EP (v —ay — Byix)

xp\~ (F5F)
=(1=-) " AP @,

which can be written as

i ¥ = by = B x™

= ik m!
_ i i -« —B)mkx"‘ (@ (B 2"
m=0n=0 (]/ "'k n

Employing the following identities:

i iA(n,m) = i iA(n,m—n),

m=0n=0 m=0n=0
D" m!
(_m)n '

(m—-n)! =

we get

Z (V - Of)f,fk()’ - .B)fnskﬁ _

125 -
m=0 (]/ mk m!
Yim=0 Zn=0

=a=P) o (mm)n x™ (a)”i(ﬁ)n k<"
=D m! Wby

Employing the identities (2.2) and (2.5), we get
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[ee)

Z ¥ = @) 0r = B x™

D,S
(21" m!

m=0

k,p,s . . S
X 3F2 _mk;a:ﬂ:(l_m)k_y-l_a-l_ﬁ'yvz_j'
Finally, comparing the coefficient of x™ on both sides of
the above equation we get the desired result.
Theorem 5.4. For Re(y) > Re(B) > 0,k,p,s € R,

q € Z%,|x| < 1, the following integral representation
of the three-parameter generalized hypergeometric
function ,,,F,""* hold true:

kps BBtk B+(@-Dkyy+k y+(@-Dk
q+1Fq a,—, ) ey =, y ey ;X
q q q q q q

a

B_ Y=B8_ xtd\F
Fl(1-0)F 1(1—%) dt.

(5.14)

1 1
kpBli(B:V_ﬁ) 0

Proof. The integral representation of ,;F, is given by
[18]
-1
T +
q

y ey

q

Q™
Q|
Q|

Y
lqi

Q=
Q| =

4
q

%)
;X
q

tF1(1 — )Y F-1(1 — xt?)* dt.

Q| =

q+1Fq (“'

+

1 1
BBy -B) fo
(5.15)

Also from (5.1), we have

k.p.s B B+k B+(a-Dk |y v+k y+(@-Dk
q+1Fq (al_l ) ) » T T X

7 q a g a

a B/k B/k |1 B/k |, a-1 v/k v/k
= _l_l_+_l"'l_+_;_1_+
q+1 q(k a’aqa aq q a’ a’ q
2, ), (5.16)
q q a s

Using (5.15) in the right-hand side of (5.16), we have

Fk,p,s<aﬁﬂ+k Pr-Vkyy+tk y+@-Dk
q+17q !ql q yrey q lql q y ey q )
3 1

-y )

B(k’_k

-

1 Y-8 xtd\ &
xf trl(1—t)T'1(1—ps ) dt.  (517)
0

Finally, using (4.2), we have the desired result.

Corollary 5.5. Setting g = 2 in (5.14), we get

ks (ag Btk y y+k_x>
342 ’2’ 2 121 2 ’

1
Tk ,BIBy —B)

1p Y-8 xt? £
xf trl(1—t)T‘1(1—ps > dt.  (5.18)
0

Corollary 5.6. Setting g = 3 in (5.14), we get
Fleps <a BB+k p+2k v y+k y+2k.x)
413 ) 3 ) 3 ) 3 ) 3 ) 3 ) 3 ;

B -B 3
R (1 _pxt

£
) a
s

(5.19)

1 1
- kpBi(ﬁ,y—ﬁ)fo

Remark 5.3. If we puts = 1,p = k in the results (5.14),
(5.18) and (5.19), then we get certain a known integral
representation of k- generalized hypergeometric
functions ([19],[20]).

Theorem 5.5. If Re(y —a — B8) > 0,y € C\zy, then
B L+kyy+k s

Fk'p's( . e ;_)

e \® T T

— P plr=a=p)  ckps et .S 2
=) plEr=p) 21 (a,ﬁ,y @ p)' (520)

Proof. Setting x = ; in (5.18), we obtain
kps (, B BTk Y ﬂ.i)

3F2 (a; 2 ) 2 ) 2 ) 2 ) p

_ prks(y)
k ol (B) oI (v — B)

1 E—l Y-8 0(_1 —a
xf tk(1—-t) k (1+)* dt.
0

Using binomial theorem and the results (4.1) and (4.2) in
the above equation, we have

kp,s ﬁﬁ'i'k_y }/+k.
B (0 g i)
_ oW plér —a—B)
lic (v =) plik (v = B)
N a ,,st(,[?+nk) pl}f(y—a)(_l)n
x;(z)" oIEB) pIE(y —a +nk) n!

Finally, employing the identities (2.2) and (3.4), we have
the desired result.

Corollary 5.7. Settinga = —nk in (5.20) and using
(3.4), we obtain

p— p,s
= & = Bk [::_)S""‘ JFEPS <—nk,[>’: y + nk; —i). (5.21)
o5 ¢

14
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Theorem 5.6. If Re(y —a — B) > 0,y € C\z;, then

k., BpB+k p+2kyy+k y+2k s
4F3' ’ (al_l ) e ] ;_)
3’3 ' 3 '3 3’ 3 'p

LD D) sy @O
e =@ ey =B g\ Py = @)y

k,p,s . . S
x ,F —nk,ﬁ+nk,y—a+nk,—5 . (5.22)

Proof. Setting x = % in (5.19), we obtain

Fk,p,s ((ZE B+k ﬁ+2k'z y+k }/+2k.£)
413 15
3

3’73 ’'373 ' 3 'p

B y-B-a -4
Fl1-t) &k 1+t +)*de

:;flt
kBB =B Jo

Using binomial theorem and simplify by using the results
(4.1) and (4.2) in the above equation, we have

Fk,p,s (0(5 p+k ﬁ+2k_z y+k )/-I-Zk.i)
413 )

33 ' 3 '3 3" 3 ’p
W iy —a—pB)
ey —a) (v — B)

N oy p[E (B + 1k +7H) Ly — @) (—n), (—1)H
8 ZZ(E)n A B) pI(y — a4+ nk + k) nlr!

n=0r=0
Employing the identities (2.2) and (3.4), we have
Fk,p,s (0( E p+k ﬁ+2k_z y+k )/-I-Zk.i)
v 3”3 7 3 '3 37 3 ’p
— 2RO plity—a=p)

Pl r=a) pli(v=3)

N (S (Y @B (k)T (-1
2.2.6) G) --
p

— )P’ 17!
n=07r=0 p ¥ —a n+r.k s

Finally using (2.4), we have the desired result.

6. Conclusion

In this work, we have introduced the (k-p-s) -
Pochhammer's symbol, (k-p-s)- Gamma function, (k-p-
s)- Beta function and (k-p-s)- generalized
hypergeometric function. Many properties of these
extended functions were studied, including their integral
representations, summation formulas and functional
relations. Each of the results derived in this work are
reduce either to a known or new identities for certain
generalized functions given in the literature. For
example, if s = 1,p = k , then the results are reduce to
the results of k-functions (see [14],[19],[20]). Ifs =1,
then we obtain the results of p-k-functions [16]. If k =
’;—’, then we obtain the results involving p-s-functions [17].

Further, if we puts=p =k =1, then we get the
classical results (see for example [18]). Future work may

focus on applications of the proposed functions in
fractional calculus, integral transforms and solutions of
generalized differential equations
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