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Abstract 

In this paper, we introduce a unified three-parameter ((k,p,s))-generalization of the Pochhammer symbol, 

Gamma and Beta functions. Based on these definitions, a corresponding ((k,p,s))-generalized hypergeometric 

function is defined. Several fundamental properties are derived, including functional equations, summation 

formulas and integral representations. It is shown that many known extensions of special functions arise as 

particular cases of the proposed framework, thereby unifying and extending earlier results in the literature. 
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1. Introduction 

Special functions are naturally generalizations of the 

elementary functions and they play a vital role in the 

solution of differential equations. These functions have 

also a wide application in many branches of 

mathematics, physics and engineering. Recently, various 

extensions and properties of Gamma and Beta functions 

have been introduced from time to time by several 

authors (see [1], [2], [3], [4], [5], [6],[7]). Also, in many 

recent works, the extended Gamma and Beta functions 

and their generalizations are used to define a new 

extension of some special functions such as Gauss’s, 

Appell’s, Lauricella’s, Srivastava’s and Exton’s 

hypergeometric functions (see [8], [9], [10], [11], [12], 

[13]). In 2007, Diaz and Pariguan [14] have introduced 

k-Pochhammer's symbol, k-Gamma and k-Beta functions 

as follows: 

(𝑎)𝑛,𝑘 = 𝑎(𝑎 + 𝑘)(𝑎 + 2𝑘) ⋯ (𝑎 + (𝑛 − 1)𝑘), 

 𝑛 ∈ 𝑁, 𝑘 > 0,                          (1.1) 

𝛤𝑘(𝑥) = ∫ 𝑡𝑥−1
∞

0

exp (−
𝑡𝑘

𝑘
) 𝑑𝑡, 

𝑅𝑒(𝑥) > 0, 𝑘 > 0                         (1.2) 

and 

𝐵 𝑘  (𝑥, 𝑦) =
1

𝑘
∫ 𝑡

𝑥
𝑘

−1
1

0

(1 − 𝑡)
𝑦
𝑘

−1𝑑𝑡, 

 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0.                                            (1.3) 

Remark .1.1. If we put 𝑘 = 1 , in the equations (1.1), 

(1.2) and (1.3), then we get the classical Pochhammer's 

symbol, Gamma and Beta functions [15] 

(𝑎)𝑛 = 𝑎(𝑎 + 1)(𝑎 + 2) ⋯ (𝑎 + (𝑛 − 1)),  

𝑎 ∈ 𝐶, 𝑛 ∈ 𝑁,                                                     (1.4) 

Γ(𝑥) = ∫ 𝑡𝑥−1𝑒−𝑡
∞

0

𝑑𝑡, 𝑅𝑒(𝑥) > 0                             (1.5) 

and 

𝐵(𝑥, 𝑦) 

= ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0

𝑑𝑡, (𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 ).  

 (1.6) 

Gehlot [16] have introduced another form of extended 

Pochhammer's symbol, Gamma and Beta functions of 

two parmeter as follows: 

(𝑎)𝑛,𝑘
𝑝

 

= (
𝑎𝑝

𝑘
) (

𝑎𝑝

𝑘
+ 𝑝) (

𝑎𝑝

𝑘
+ 2𝑝) … (

𝑎𝑝

𝑘
+ (𝑛 − 1)𝑝), 

https://doi.org/10.47372/ejua-ba.2026.1.494


EJUA 
Electronic Journal of University of Aden for Basic and Applied Sciences 

Kulaib, and Atash Pages 9-17 
Vol. 7, No. 1, March 2026 

https://ejua.net 

 

مارس  6202 | EJUA-BA 10 
 

 𝑎 ∈ 𝐶, 𝑛 ∈ 𝑁, 𝑘, 𝑝 > 0,        (1.7) 

 

Γ𝑝 𝑘 (𝑥) = ∫ 𝑡𝑥−1 exp (
−𝑡𝑘

𝑝
) 𝑑𝑡,

∞

0

 

 𝑅𝑒(𝑥) > 0, 𝑘, 𝑝 > 0      (1.8) 

and 

𝐵𝑝 𝑘  (𝑥, 𝑦) =
1

𝑘
∫ 𝑡

𝑥
𝑘

 −1(1 − 𝑡)
𝑦
𝑘

 −1𝑑𝑡,
1

0

 

 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0.        (1.9) 

Remark.1.2. If we put 𝑘 = 𝑝 = 1 in the equations (1.7), 

(1.8) and (1.9), then we get the classical Pochhammer's 

symbol, Gamma and Beta functions given in (1.4), (1.5) 

and (1.6). 

Recently, Mubeen et al. [17] have introduced a new 

generalization of Pochhammer's symbol, Gamma and 

Beta functions as follows: 

(𝑎)𝑝
 𝑛
𝑠 = 𝑎 (𝑎 +

𝑝

𝑠
) … (𝑎 + (𝑛 − 1)

𝑝

𝑠
), 

𝑎 ∈ 𝐶, 𝑛 ∈ 𝑁, 𝑝, 𝑠 > 0,        (1.10) 

𝛤
𝑝 𝑠(𝑥) = ∫ 𝑡𝑥−1 exp (−

𝑠𝑡
𝑝
𝑠

𝑝
) 𝑑𝑡,

∞

0

                      (1.11) 

𝑥 ∈ ℂ, 𝑅𝑒(𝑥) > 0, 𝑝, 𝑠 ∈ ℝ+ 

and 

𝐵
𝑝 𝑠 (𝑥, 𝑦) =

𝑠

𝑝
∫ 𝑡

𝑠𝑥
𝑝

 −1
(1 − 𝑡)

𝑠𝑦
𝑝

 −1
𝑑𝑡,

1

0

       (1.12) 

 

𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑝, 𝑠 ∈ ℝ+ . 

Remark.1.3. If we put 𝑝 = 𝑠 = 1, in the equations 

(1.10), (1.11) and (1.12), then we get the classical 

Pochhammer's symbol, Gamma and Beta functions given 

in (1.4), (1.5) and (1.6). 

Motivated by these developments, the main objective of 

this paper is to introduce a unified three-parameter 

extension that simultaneously generalizes the k-functions 

of Diaz and Pariguan, the (p,k)-functions of Gehlot and 

the (p,s)-functions of Mubeen et al. The proposed 

framework provides a systematic approach to derive 

known results as special cases while yielding new 

identities and integral representations. 

2. (k-p-s)- Pochhammer's symbol 

In this section, we define a new generalization of 

Pochhammer's symbol as follows: 

Definition 2.1. The three-parameter generalized 

Pochhammer's symbol is defined as: 

(𝑎)𝑛,𝑘
𝑝,𝑠

= ∏ (
𝑗𝑝

𝑠
+

𝑎𝑝

𝑠𝑘
)𝑛−1

𝑗=0 ,                                             (2.1)  

for 𝑎 ∈ ℂ; 𝑝, 𝑘, 𝑠 ∈ ℝ+; 𝑛 ∈ 𝑁. 

Particular cases: 

i) For 𝑠 = 1, 𝑝 = 𝑘, equation (2.1) reduces to k- 

Pochhammer's symbol defined by Diaz and pariguan [14] 

(𝑎)𝑛,𝑘
𝑘,1 = (𝑎)𝑛,𝑘 . 

ii) For 𝑠 = 1, equation (2.1) reduces to p- k 

Pochhammer's symbol defined by Gehlot [16] 

(𝑎)𝑛,𝑘
𝑝,1

= (𝑎)𝑝  𝑛,𝑘. 

iii) For 𝑘 =
𝑝

𝑠
, equation (2.1) reduces to s-p 

Pochhammer's symbol defined by Mubeen et al. [17] 

(𝑎)
𝑛,

𝑝
𝑠

𝑝,𝑠
= (𝑎)𝑝

 𝑛
𝑠 . 

iv) For 𝑠 = 𝑝 = 𝑘 = 1, equation (2.1) reduces to 

Pochhammer's symbol [15] 

(𝑎)𝑛,1
1,1 = (𝑎)𝑛 . 

Theorem 2.1. 

 (𝑎)𝑛,𝑘
𝑝,𝑠

= (
𝑝

𝑠
)

𝑛

(
𝑎

𝑘
)

𝑛
,                                                     (2.2) 

(𝑎)𝑚𝑛,𝑘
𝑝,𝑠

= (
𝑝𝑚

𝑠
)

𝑚𝑛

(

𝑎
𝑘
𝑚

)

𝑛

 (
(

𝑎
𝑘

) + 1

𝑚
)

𝑛

 (
(

𝑎
𝑘

) + 2

𝑚
)

𝑛

… . (
(

𝑎
𝑘

) + 𝑚 − 1

𝑚
)

𝑛

, 

(2.3) 

(𝑎)𝑚+𝑛,𝑘
𝑝,𝑠

= (𝑎)𝑚,𝑘 
𝑝,𝑠 (𝑎 + 𝑚𝑘)𝑛,𝑘 

𝑝,𝑠
,                             (2.4) 

(𝑎)𝑚−𝑛,𝑘
𝑝,𝑠

=
(−1)𝑛(𝑎)𝑚,𝑘 

𝑝,𝑠

((1 − 𝑚)𝑘 − 𝑎)
𝑛,𝑘 

𝑝,𝑠  .                               (2.5) 

Proof of (2.2). From (2.1), we have 

(𝑎)𝑛,𝑘
𝑝,𝑠

= (
𝑎𝑝

𝑠𝑘
) (

𝑎𝑝

𝑠𝑘
+

𝑝

𝑠
) (

𝑎𝑝

𝑠𝑘
+

2𝑝

𝑠
) … (

𝑎𝑝

𝑠𝑘
+ (𝑛 − 1)

𝑝

𝑠
) 

           = (
𝑝

𝑠
)

𝑛

(
𝑎

𝑘
) (

𝑎

𝑘
+ 1) (

𝑎

𝑘
+ 2) … (

𝑎

𝑘
+ (𝑛 − 1)), 

which by using definition (1.4), we get the desired result. 

Proof of (2.3). From (2.2), we have 

(𝑎)𝑚𝑛,𝑘
𝑝,𝑠

= (
𝑝

𝑠
)

𝑚𝑛

(
𝑎

𝑘
)

𝑚𝑛
 . 

Using the multiplication formula 

(𝑎)𝑚𝑛 = 𝑚𝑚𝑛 (
𝑎

𝑚
)

𝑛
 (

𝑎 + 1

𝑚
)

𝑛
… (

𝑎 + 𝑚 − 1

𝑚
)

𝑛
, 

we obtain the desired result. 

Proof of (2.4). From (2.2), we have 

(𝑎)𝑚+𝑛,𝑘
𝑝,𝑠

= (
𝑝

𝑠
)

𝑚+𝑛

(
𝑎

𝑘
)

𝑚+𝑛
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= (
𝑝

𝑠
)

𝑛+𝑚

(
𝑎

𝑘
)

𝑚
(

𝑎

𝑘
+ 𝑚)

𝑛
 

= (𝑎)𝑚,𝑘
𝑝,𝑠

(
𝑝

𝑠
)

𝑛

(
𝑎

𝑘
+ 𝑚)

𝑛
 

= (𝑎)𝑚,𝑘
𝑝,𝑠

(
𝑝

𝑠
)

𝑛

(
𝑎

𝑘
+ 𝑚) (

𝑎

𝑘
+ 𝑚 + 1) … (

𝑎

𝑘
+ 𝑚

+ (𝑛 − 1)) 

= (𝑎)𝑚,𝑘
𝑝,𝑠

(
𝑝(𝑎 + 𝑚𝑘)

𝑠𝑘
) (

𝑝(𝑎 + 𝑚𝑘)

𝑠𝑘
+

𝑝

𝑠
) 

× (
𝑝(𝑎 + 𝑚𝑘)

𝑠𝑘
+

2𝑝

𝑠
) … (

𝑝(𝑎 + 𝑚𝑘)

𝑠𝑘
+ (𝑛 − 1)

𝑝

𝑠
), 

which by using definition (2.1), we get the desired result. 

Proof of (2.5). From (2.2), we have 

(𝑎)𝑚−𝑛,𝑘
𝑝,𝑠

= (
𝑝

𝑠
)

𝑚−𝑛

(
𝑎

𝑘
)

𝑚−𝑛
 . 

Using the following identity: 

(𝑎)𝑚−𝑛 =
(−1)𝑛(𝑎)𝑚

(1 − 𝑎 − 𝑚)𝑛

 

and (2.2), we obtain the desired result. 

Theorem 2.2. 

∑
(𝑎)𝑛,𝑘

𝑝.𝑠

𝑛!

∞

𝑛=0

𝑡𝑛 = (1 −
𝑝𝑡

𝑠
)

−𝑎
𝑘

, (|
𝑝𝑡

𝑠⁄ | < 1) , (2.6) 

𝜕

𝜕𝑝
(𝑎)𝑛,𝑘

𝑝,𝑠
=

𝑛

𝑝
(𝑎)𝑛,𝑘 

𝑝,𝑠
,                                      (2.7) 

𝜕

𝜕𝑠
(𝑎)𝑛,𝑘

𝑝,𝑠
= −

𝑛

𝑠
(𝑎)𝑛,𝑘 .

𝑝,𝑠
                                   (2.8) 

Proof of (2.6). Using (2.2) and the binomial theorem, we 

obtain the desired result. 

Proof of (2.7) and (2.8). The derivatives are obtained 

after expressing the symbol in terms of the classical 

Pochhammer symbol as given in (2.2), we obtain the 

desired result. 

3. (k-p-s)- Gamma function 

In this section, we define a new generalization of Gamma 

function as follows: 

Definition 3.1. The three-parameter generalized Gamma 

function is defined as: 

𝛤𝑝 𝑘
𝑠(𝑥) = ∫ 𝑡𝑥−1 exp (−

𝑠𝑡𝑘

𝑝
) 𝑑𝑡,

∞

0

                 (3.1) 

For 𝑥 ∈ ℂ, 𝑅𝑒(𝑥) > 0 ; 𝑝, 𝑘, 𝑠 ∈ ℝ+. 

Particular cases: 

i) For 𝑠 = 1, 𝑝 = 𝑘 , equation (3.1) reduces to k- Gamma 

function defined by Diaz and pariguan [14] 

𝛤𝑘 𝑘
1 (𝑥) = 𝛤𝑘(𝑥). 

ii) For 𝑠 = 1, equation (3.1) reduces to p- k Gamma 

function defined by Gehlot [16] 

𝛤𝑝 𝑘
1 (𝑥) = 𝛤𝑝 𝑘  (𝑥). 

iii) For 𝑘 =
𝑝

𝑠
, equation (3.1) reduces to s-p Gamma 

function defined by Mubeen et al. [17] 

𝛤𝑝 𝑝

𝑠

𝑠 (𝑥) = 𝛤𝑠 𝑝(𝑥). 

iv) For 𝑠 = 𝑝 = 𝑘 = 1, equation (3.1) reduces to Gamma 

function [15] 

𝛤1 1
1 (𝑥) = 𝛤(𝑥). 

Theorem 3.1. 

𝛤𝑝 𝑘
𝑠(𝑥) =

1

𝑘
 (

𝑝

𝑠
)

𝑥

𝑘
𝛤 (

𝑥

𝑘
),                                             (3.2) 

𝛤𝑝 𝑘
𝑠(𝑥 + 𝑘) =

𝑝𝑥

𝑘𝑠
 𝛤𝑝 𝑘

𝑠(𝑥),                                       (3.3) 

(𝑎)𝑛,𝑘
𝑠,𝑝

=
𝛤𝑝 𝑘

𝑠(𝑎 + 𝑛𝑘)

𝛤𝑝 𝑘
𝑠(𝑎)

.                                                (3.4) 

Proof of (3.2). Using the substituting 𝑢 =
 𝑠

 𝑝
𝑡𝑘 in (3.1), 

we find 

𝛤𝑘
𝑠

 𝑝

 
(𝑥) =

1

𝑘
(

𝑝

𝑠
)

𝑥
𝑘

∫ 𝑢
𝑥
𝑘

−1𝑒−𝑢𝑑𝑢.  
∞

0

 

Using (1.5) in the above equation, we obtain the desired 

result. 

Proof of (3.3). Using (3.2), we have 

𝛤𝑝 𝑘
𝑠(𝑥 + 𝑘) =  

1

𝑘
 (

𝑝

𝑠
)

𝑥
𝑘

+1

𝛤 (
𝑥

𝑘
+ 1) 

=  
𝑝𝑥

𝑘𝑠
 {

1

𝑘
 (

𝑝

𝑠
)

𝑥

𝑘
𝛤 (

𝑥

𝑘
)}, 

which by using (3.2), we get the desired result. 

Proof of (3.4). Equation (3.4) generalizes the classical 

relation between the Pochhammer symbol and the 

Gamma function. Denote the right-hand side of (3.4) by 

R and using (3.2), we have 

𝑅 =
 (

𝑝
𝑠

)
𝑛

𝛤 (
𝑎
𝑘

+ 𝑛)

𝛤 (
𝑎
𝑘

)
  

𝑅 =   (
𝑝

𝑠
)

𝑛

(
𝑎

𝑘
)

𝑛
, 

which by using definition (2.2), we obtain the Left-hand 

side of (3.4). This completes the proof of Theorem 3.1. 

4. (k-p-s)- Beta function 

In this section, we define a new generalization of Beta 

function as follows: 



EJUA 
Electronic Journal of University of Aden for Basic and Applied Sciences 

Kulaib, and Atash Pages 9-17 
Vol. 7, No. 1, March 2026 

https://ejua.net 

 

مارس  6202 | EJUA-BA 12 
 

Definition 4.1. The three-parameter Beta function is 

defined as: 

𝐵𝑝 𝑘
𝑠(𝑥, 𝑦) =

𝛤𝑝 𝑘
𝑠(𝑥) 𝛤𝑝 𝑘

𝑠(𝑦)

𝛤𝑝 𝑘
𝑠(𝑥 + 𝑦)

,                              (4.1) 

𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑘, 𝑝, 𝑠 ∈ ℝ+. 

Particular cases: 

i) For 𝑠 = 1, 𝑝 = 𝑘 , equation (3.1) reduces to k- Beta 

function defined by Diaz and pariguan [14] 

𝐵𝑘 𝑘
1 (𝑥, 𝑦) = 𝐵𝑘(𝑥, 𝑦). 

ii) For 𝑠 = 1, equation (3.1) reduces to p- k- Beta 

function defined by Gehlot [16] 

𝐵𝑝 𝑘
1 (𝑥, 𝑦) = 𝐵𝑝 𝑘  (𝑥, 𝑦). 

iii) For 𝑘 =
𝑝

𝑠
 , equation (3.1) reduces to s-p- Beta 

function defined by Mubeen et al. [17] 

𝐵𝑝 𝑝

𝑠

𝑠 (𝑥, 𝑦) = 𝐵
𝑝 𝑠 (𝑥, 𝑦). 

iv) For 𝑠 = 𝑝 = 𝑘 = 1, equation (3.1) reduces to Beta 

function [15] 

𝐵1 1
1 (𝑥, 𝑦) = 𝐵(𝑥, 𝑦). 

Theorem 4.1. 

𝐵𝑝 𝑘
𝑠(𝑥, 𝑦) =

1

𝑘
∫ 𝑡

𝑥
𝑘

−1(1 − 𝑡)
𝑦
𝑘

−1𝑑𝑡
1

0

,               (4.2) 

(𝛽)𝑛,𝑘
𝑝,𝑠

(𝛾)
𝑛,𝑘
𝑝,𝑠 =

𝐵𝑝 𝑘
𝑠(𝛽 + 𝑛𝑘, 𝛾 − 𝛽)

𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

 .                          (4.3) 

Proof of (4.2). Employing (3.2) into (4.1), we get the 

desired result. 

Proof of (4.3). Consider the left-hand side of (4.3) and 

using (3.4), we have 

(𝛽)𝑛,𝑘
𝑝,𝑠

(𝛾)
𝑛,𝑘
𝑝,𝑠 =

𝛤𝑝 𝑘
𝑠(𝛽 + 𝑛𝑘)

𝛤𝑝 𝑘
𝑠(𝛽)

𝛤𝑝 𝑘
𝑠(𝛾)

𝛤𝑝 𝑘
𝑠(𝛾 + 𝑛𝑘)

 

 =
𝛤𝑝 𝑘

𝑠(𝛽 + 𝑛𝑘) 𝛤𝑝 𝑘
𝑠(𝛾 − 𝛽)

𝛤𝑝 𝑘
𝑠(𝛾 + 𝑛𝑘)

𝛤𝑝 𝑘
𝑠(𝛾)

𝛤𝑝 𝑘
𝑠(𝛽) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛽)
, 

which by using (4.1), we get the desired result. 

5. (k-p-s)- Generalized hypergeometric 

function 

Definition 5.1. The three-parameter generalized 

hypergeometric function is defined as: 

𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼, 𝛽1, … , 𝛽𝑞; 𝛾1, … , 𝛾𝑞; 𝑥) 

= ∑
(𝛼)𝑛,𝑘

𝑝,𝑠 (𝛽1)𝑛,𝑘
𝑝,𝑠

… . (𝛽𝑞)
𝑛,𝑘

𝑝,𝑠

(𝛾1)
𝑛,𝑘
𝑝,𝑠

… . (𝛾𝑞)
𝑛,𝑘

𝑝,𝑠

∞

𝑛=0

𝑥𝑛

𝑛!
,     

 
 

= 𝐹𝑞+1 𝑞
(

𝛼

𝑘
,
𝛽1

𝑘
, … ,

𝛽𝑞

𝑘
;
𝛾1

𝑘
, … ,

𝛾𝑞

𝑘
;
𝑝𝑥

𝑠
),                    (5.1) 

for 𝛼 ∈ 𝐶;  𝛾𝑗 ∈ 𝐶\𝑧0
−, 𝑗 = 1,2 … , 𝑞, ;  𝑘, 𝑝, 𝑠 ∈ ℝ+. 

Remark.5.1. If we set 𝑠 = 𝑝 = 𝑘 = 1 in the equation 

(5.1), then we get the generalized 

hypergeometric function [15] 

𝐹𝑞+1 𝑞
1,1,1 (𝛼, 𝛽1, … , 𝛽𝑞; 𝛾1, … , 𝛾𝑞; 𝑥) = 𝐹𝑞+1 𝑞

 (𝛼, 𝛽1, … , 𝛽𝑞; 𝛾1, … , 𝛾𝑞; 𝑥) 

= ∑
(𝛼)𝑛(𝛽1)𝑛 … (𝛽𝑞)

𝑛

(𝛾1)𝑛 … (𝛾𝑞)
𝑛

∞

𝑛=0

𝑥𝑛

𝑛!
.                                   (5.2) 

Remark. 5.2. If we set 𝑞 = 1in equation (5.1), then we 

get the three parameter Gauss hypergeometric function 

𝐹2 1
𝑘,𝑝,𝑠 (𝛼, 𝛽; 𝛾; 𝑥) 

= ∑
(𝛼)𝑛,𝑘

𝑝,𝑠 (𝛽)𝑛,𝑘
𝑝,𝑠

(𝛾)
𝑛,𝑘
𝑝,𝑠

∞

𝑛=0

𝑥𝑛

𝑛!
 = 𝐹2 1  (

𝛼

𝑘
,
𝛽

𝑘
;

𝛾

𝑘
;
𝑝𝑥

𝑠
).    (5.3) 

Theorem 5.1. If 𝑅𝑒(𝛾𝑗) > 𝑅𝑒(𝛽𝑗) > 0 ; 𝑗 = 1,2 … , 𝑞; 

 𝛾𝑗 ∈ 𝐶\𝑧0
− ;  𝑘, 𝑝, 𝑠 ∈ ℝ+, then 

𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼, 𝛽1, … , 𝛽𝑞; 𝛾1, … , 𝛾𝑞; 𝑥) 

=
1

∏ 𝐵𝑝 𝑘
𝑠(𝛽𝑗 , 𝛾𝑗 − 𝛽𝑗)

𝑞
𝑗=1

 

× (
1

𝑘
)

𝑞

∫ …
1

0

∫ ∏ [𝑡
𝑗

𝛽𝑗

𝑘
−1

(1 − 𝑡𝑗)
𝛾𝑗−𝛽𝑗

𝑘
−1

]

𝑞

𝑗=1

1

0

   

×  (1 −
𝑡1 … 𝑡𝑗𝑝𝑥

𝑠
)

−𝛼
𝑘

𝑑𝑡1 … 𝑑𝑡𝑞 .                                 (5.4) 

Proof. Employing (4.3) in (5.1), we have 

𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼, 𝛽1 , … , 𝛽𝑞; 𝛾1, … , 𝛾𝑞; 𝑥)

= ∑(𝛼)𝑛,𝑘
𝑝,𝑠 𝐵𝑝 𝑘

𝑠(𝛽1 + 𝑛𝑘, 𝛾1 − 𝛽1)

𝐵𝑝 𝑘
𝑠(𝛽1, 𝛾1 − 𝛽1)

…
𝐵𝑝 𝑘

𝑠(𝛽𝑞 + 𝑛𝑘, 𝛾𝑞 − 𝛽𝑞)

𝐵𝑝 𝑘
𝑠(𝛽𝑞 , 𝛾𝑞 − 𝛽𝑞)

∞

𝑛=0

𝑥𝑛

𝑛!
.          

Employing (4.2) and the binomial theorem we obtain the 

desired result. 

Corollary 5.1. Taking 𝑞 = 1 in (5.4), we get 

𝐹2 1
𝑘,𝑝,𝑠 (𝛼, 𝛽; 𝛾; 𝑥) =

1

𝑘 𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

 

× ∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾−𝛽

𝑘
−1 (1 −

𝑝𝑥𝑡

𝑠
)

−𝛼
𝑘1

0

𝑑𝑡.                  (5.5) 

Corollary 5.2. 

𝐹2 1
𝑘,𝑝,𝑠 

(𝛼, 𝛽; 𝛾;
𝑠

𝑝
) =

𝛤𝑝 𝑘
𝑠(𝛾) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛼 − 𝛽)

𝛤𝑝 𝑘
𝑠(𝛾 − 𝛼) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛽)
 . (5.6) 

Proof. Setting 𝑥 =
𝑠

𝑝
 in (5.5), we obtain 
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𝐹2 1
𝑘,𝑝,𝑠 

(𝛼, 𝛽; 𝛾;
𝑠

𝑝
)

=
1

𝑘 𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾−𝛼−𝛽

𝑘
−1

1

0

𝑑𝑡, 

                  =
𝐵𝑝 𝑘

𝑠(𝛽, 𝛾 − 𝛼 − 𝛽)

𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

. 

which by using (4.1), we get the desired result. 

Further, if we put 𝛼 = −𝑛𝑘 in (5.6) and using (3.4), then 

we obtain 

𝐹2 1
𝑘,𝑝,𝑠 

(−𝑛𝑘, 𝛽; 𝛾;
𝑠

𝑝
) =

(𝛾 − 𝛽)𝑛,𝑘
𝑝,𝑠

(𝛾)
𝑛,𝑘
𝑝,𝑠 .                       (5.7) 

Theorem 5.2. If 𝛼𝑗 ∈ 𝐶;  𝛽𝑗 ∈ 𝐶\𝑧0
−; 𝑗 = 1,2 … , 𝑞 ; 

 𝑅𝑒(𝛾) > 0, then 

𝛤𝑝 𝑘
𝑠(𝛽𝑞 + 𝛾)

𝛤𝑝 𝑘
𝑠(𝛽𝑞) 𝛤𝑝 𝑘

𝑠(𝛾)
∫ 𝑡

𝛽𝑞

𝑘
−1(1 − 𝑡)

𝛾
𝑘

−1
1

0

 

× 𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼1, … , 𝛼𝑞+1; 𝛽1, … , 𝛽𝑞; 𝑥𝑡)𝑑𝑡 

= 𝑘 𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼1, … , 𝛼𝑞+1; 𝛽1, … , 𝛽𝑞 + 𝛾; 𝑥).           (5.8) 

Proof. Denoting the left-hand side of (5.8) by I, using 

(5.1) and (3.4), we get 

𝐼 = ∑
(𝛼1)𝑛,𝑘

𝑝,𝑠
… . (𝛼𝑞+1)

𝑛,𝑘

𝑝,𝑠

(𝛽1)
𝑛,𝑘
𝑝,𝑠

… . (𝛽𝑞−1)
𝑛,𝑘

𝑝,𝑠

∞

𝑛=0

𝑥𝑛

𝑛!

𝛤𝑝 𝑘
𝑠(𝛽𝑞 + 𝛾)

𝛤𝑝 𝑘
𝑠(𝛾) 𝛤𝑝 𝑘

𝑠(𝛽𝑞 + 𝑛𝑘)
 

× ∫ 𝑡
𝛽𝑞+𝑛𝑘

𝑘
−1(1 − 𝑡)

𝛾
𝑘

−1𝑑𝑡
1

0

, 

Using (4.2), we get 

I = 

∑
(𝛼1)𝑛,𝑘

𝑝,𝑠
… . (𝛼𝑞+1)

𝑛,𝑘

𝑝,𝑠

(𝛽1)
𝑛,𝑘
𝑝,𝑠

… . (𝛽𝑞−1)
𝑛,𝑘

𝑝,𝑠

∞

𝑛=0

𝑥𝑛

𝑛!

𝑘 𝛤𝑝 𝑘
𝑠(𝛽𝑞 + 𝛾)

𝛤𝑝 𝑘  (𝛾) 𝛤𝑝 𝑘
𝑠(𝛽𝑞 + 𝑛𝑘)

 

× 𝐵𝑝 𝑘
𝑠(𝛽𝑞 + 𝑛𝑘, 𝛾). 

Finally, employing (4.1) and (3.4), we get the desired 

result. 

Corollary 5.3. Setting 𝑞 = 1, 𝛽1 = 𝛽  in (5.8), we have 

𝛤𝑝 𝑘
𝑠(𝛽 + 𝛾)

𝛤𝑝 𝑘
𝑠(𝛽) 𝛤𝑝 𝑘

𝑠(𝛾)
 

× ∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾
𝑘

−1
1

0

 𝐹2 1
𝑘,𝑝,𝑠 (𝛼1 , 𝛼2; 𝛽; 𝑥𝑡)𝑑𝑡 

= 𝑘 𝐹2 1
𝑘,𝑝,𝑠 (𝛼1, 𝛼2; 𝛽 + 𝛾; 𝑥) .                                 (5.9) 

Corollary 5.4. Setting 𝑞 = 2, , 𝛽1 = 𝛽, 𝛽2 = 𝑎3 and 

replacing 𝛾 by 𝛾 − 𝑎3 in (5.8), we have 

 

𝛤𝑝 𝑘
𝑠(𝛾)

𝛤𝑝 𝑘
𝑠(𝑎3) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝑎3)
∫ 𝑡

𝑎3
𝑘

−1(1 − 𝑡)
𝛾−𝑎3

𝑘
−1

1

0

  

× 𝐹2 1
𝑘,𝑝,𝑠 (𝛼1 , 𝛼2; 𝛽; 𝑥𝑡)𝑑𝑡 

= 𝑘 𝐹3 2
𝑘,𝑝,𝑠 (𝛼1, 𝛼2, 𝛼3; 𝛽, 𝛾; 𝑥).                              (5.10) 

Theorem 5.3. For 𝑅𝑒(𝛾 − 𝛼 − 𝛽) > 0;  𝛾 ∈ 𝐶\𝑧0
−, 𝑘, 𝑝 

, 𝑠 ∈ ℝ+, we have 

𝐹3 2
𝑘,𝑝,𝑠 

(−𝑚𝑘, 𝛼, 𝛽; (1 − 𝑚)𝑘 − 𝛾 + 𝛼 + 𝛽, 𝛾;
𝑠

𝑝
) 

=
(𝛾 − 𝛼)𝑚,𝑘

𝑝,𝑠 (𝛾 − 𝛽)𝑚,𝑘
𝑝,𝑠

(𝛾)
𝑚,𝑘
𝑝,𝑠 (𝛾 − 𝛼 − 𝛽)

𝑚,𝑘
𝑝,𝑠 .                              (5.11) 

Proof. The Euler’s transformation of the Gaussian 

hypergeometric function is given as follows (see [15]): 

𝐹2 1  (𝛼, 𝛽; 𝛾 ; 𝑥) 

= (1 − 𝑥)𝛾−𝛼−𝛽 𝐹2 1  (𝛾 − 𝛼, 𝛾 − 𝛽; 𝛾 ; 𝑥).         (5.12) 

Using (5.12) in the right-hand side of (5.3), we get 

𝐹2 1
𝑘,𝑝,𝑠 (𝛼, 𝛽; 𝛾; 𝑥) 

= (1 −
𝑥𝑝

𝑠
)

𝛾−𝛼−𝛽
𝑘

𝐹2 1
𝑘,𝑝,𝑠 (𝛾 − 𝛼, 𝛾 − 𝛽; 𝛾; 𝑥),   (5.13) 

or 

𝐹2 1
𝑘,𝑝,𝑠 (𝛾 − 𝛼, 𝛾 − 𝛽; 𝛾; 𝑥) 

= (1 −
𝑥𝑝

𝑠
)

− (
𝛾−𝛼−𝛽

𝑘 )

𝐹2 1
𝑘,𝑝,𝑠 (𝛼, 𝛽; 𝛾; 𝑥), 

which can be written as 

∑
(𝛾 − 𝛼)𝑚,𝑘

𝑝,𝑠 (𝛾 − 𝛽)𝑚,𝑘
𝑝,𝑠

(𝛾)
𝑚,𝑘
𝑝,𝑠

∞

𝑚=0

𝑥𝑚

𝑚!
 

= ∑ ∑
(𝛾 − 𝛼 − 𝛽)𝑚,𝑘

𝑝,𝑠
 𝑥𝑚

 𝑚!

∞

𝑛=0

∞

𝑚=0

(𝛼)𝑛,𝑘
𝑝,𝑠 (𝛽)𝑛,𝑘

𝑝,𝑠

(𝛾)
𝑛,𝑘
𝑝,𝑠

𝑥𝑛

𝑛!
. 

Employing the following identities: 

∑ ∑ 𝐴(𝑛, 𝑚)

∞

𝑛=0

∞

𝑚=0

= ∑ ∑ 𝐴(𝑛, 𝑚 − 𝑛),

𝑚

𝑛=0

∞

𝑚=0

 

(𝑚 − 𝑛)! =
(−1)𝑛 𝑚!

 (−𝑚)𝑛

, 

we get 

 ∑
(𝛾 − 𝛼)𝑚,𝑘

𝑝,𝑠 (𝛾 − 𝛽)𝑚,𝑘
𝑝,𝑠

(𝛾)
𝑚,𝑘
𝑝,𝑠

∞

𝑚=0

𝑥𝑚

𝑚!
= 

∑ ∑
(𝛾−𝛼−𝛽)

𝑚−𝑛,𝑘
𝑝,𝑠

 (−𝑚)𝑛 𝑥𝑚−𝑛

(−1)𝑛 𝑚!

𝑚
𝑛=0

∞
𝑚=0

(𝛼)
𝑛,𝑘
𝑝,𝑠 (𝛽)

𝑛,𝑘
𝑝,𝑠

(𝛾)
𝑛,𝑘
𝑝,𝑠

𝑥𝑛

𝑛!
.   

Employing the identities (2.2) and (2.5), we get 
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∑
(𝛾 − 𝛼)𝑚,𝑘

𝑝,𝑠 (𝛾 − 𝛽)𝑚,𝑘
𝑝,𝑠

(𝛾)
𝑚,𝑘
𝑝,𝑠

∞

𝑚=0

𝑥𝑚

𝑚!
 

= ∑
(𝛾 − 𝛼 − 𝛽)𝑚,𝑘

𝑝,𝑠
𝑥𝑚

𝑚!

∞

𝑚=0

 

× 𝐹3 2
𝑘,𝑝,𝑠 

(−𝑚𝑘, 𝛼, 𝛽; (1 − 𝑚)𝑘 − 𝛾 + 𝛼 + 𝛽, 𝛾;
𝑠

𝑝
). 

Finally, comparing the coefficient of 𝑥𝑚 on both sides of 

the above equation we get the desired result. 

Theorem 5.4. For 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝑘, 𝑝, 𝑠 ∈ ℝ+, 

𝑞 ∈ 𝑍+, |𝑥| < 1 , the following integral representation 

of the three-parameter generalized hypergeometric 

function 𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

hold true: 

 𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼,
𝛽

𝑞
,
𝛽 + 𝑘

𝑞
, … ,

𝛽 + (𝑞 − 1)𝑘

𝑞
;
𝛾

𝑞
,
𝛾 + 𝑘

𝑞
, … ,

𝛾 + (𝑞 − 1)𝑘

𝑞
; 𝑥) 

=
1

𝑘 𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾−𝛽

𝑘
−1 (1 −

𝑝𝑥𝑡𝑞

𝑠
)

−𝛼
𝑘1

0

𝑑𝑡.   

   (5.14) 

Proof. The integral representation of 𝐹𝑞+1 𝑞
  is given by 

[18] 

 𝐹𝑞+1 𝑞
 (𝛼,

𝛽

𝑞
,
𝛽

𝑞
+

1

𝑞
, … ,

𝛽

𝑞
+

𝑞 − 1

𝑞
;
𝛾

𝑞
,
𝛾

𝑞
+

1

𝑞
, … ,

𝛾

𝑞

+
𝑞 − 1

𝑞
; 𝑥) 

=
1

𝐵(𝛽, 𝛾 − 𝛽)
∫ 𝑡𝛽−1(1 − 𝑡)𝛾−𝛽−1(1 − 𝑥𝑡𝑞)−𝛼

1

0

𝑑𝑡.  

(5.15) 

Also from (5.1), we have 

  𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼,
𝛽

𝑞
,

𝛽+𝑘

𝑞
, … ,

𝛽+(𝑞−1)𝑘

𝑞
;

𝛾

𝑞
,

𝛾+𝑘

𝑞
, … ,

𝛾+(𝑞−1)𝑘

𝑞
; 𝑥)  

= 𝐹𝑞+1 𝑞
 (

𝛼

𝑘
,

𝛽/𝑘

𝑞
,

𝛽/𝑘

𝑞
+

1

𝑞
, … ,

𝛽/𝑘

𝑞
+

𝑞−1

𝑞
;

𝛾/𝑘

𝑞
,

𝛾/𝑘

𝑞
+

1

𝑞
, … ,

𝛾/𝑘

𝑞
+

𝑞−1

𝑞
;

𝑝𝑥

𝑠
).                                              (5.16) 

Using (5.15) in the right-hand side of (5.16), we have 

𝐹𝑞+1 𝑞
𝑘,𝑝,𝑠 

(𝛼,
𝛽

𝑞
,
𝛽 + 𝑘

𝑞
, … ,

𝛽 + (𝑞 − 1)𝑘

𝑞
;
𝛾

𝑞
,
𝛾 + 𝑘

𝑞
, … ,

𝛾 + (𝑞 − 1)𝑘

𝑞
; 𝑥) 

=
1

𝐵 (
𝛽
𝑘

,
𝛾 − 𝛽

𝑘
)
 

× ∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾−𝛽

𝑘
−1 (1 −

𝑝𝑥𝑡𝑞

𝑠
)

−𝛼
𝑘1

0

𝑑𝑡.            (5.17) 

Finally, using (4.2), we have the desired result. 

Corollary 5.5. Setting 𝑞 = 2 in (5.14), we get 

𝐹3 2
𝑘,𝑝,𝑠 

(𝛼,
𝛽

2
,
𝛽 + 𝑘

2
;
𝛾

2
,
𝛾 + 𝑘

2
; 𝑥) 

=
1

𝑘 𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

 

× ∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾−𝛽

𝑘
−1 (1 −

𝑝𝑥𝑡2

𝑠
)

−𝛼
𝑘1

0

𝑑𝑡.          (5.18) 

Corollary 5.6. Setting 𝑞 = 3 in (5.14), we get 

𝐹4 3
𝑘,𝑝,𝑠 

(𝛼,
𝛽

3
,
𝛽 + 𝑘

3
,
𝛽 + 2𝑘

3
;
𝛾

3
,
𝛾 + 𝑘

3
,
𝛾 + 2𝑘

3
; 𝑥) 

=
1

𝑘 𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾−𝛽

𝑘
−1 (1 −

𝑝𝑥𝑡3

𝑠
)

−𝛼
𝑘1

0

𝑑𝑡.  

(5.19) 

Remark 5.3. If we put 𝑠 = 1, 𝑝 = 𝑘 in the results (5.14), 

(5.18) and (5.19), then we get certain a known integral 

representation of k- generalized hypergeometric 

functions ([19],[20]). 

Theorem 5.5. If 𝑅𝑒(𝛾 − 𝛼 − 𝛽) > 0, 𝛾 ∈ 𝐶\𝑧0
−, then 

𝐹3 2
𝑘,𝑝,𝑠 

(𝛼,
𝛽

2
,
𝛽 + 𝑘

2
;
𝛾

2
,
𝛾 + 𝑘

2
;

𝑠

𝑝
) 

=
𝛤𝑝 𝑘

𝑠(𝛾) 𝛤𝑝 𝑘
𝑠(𝛾−𝛼−𝛽)

𝛤𝑝 𝑘
𝑠(𝛾−𝛼) 𝛤𝑝 𝑘

𝑠(𝛾−𝛽)
𝐹2 1

𝑘,𝑝,𝑠 
(𝛼, 𝛽; 𝛾 − 𝛼; −

𝑠

𝑝
).     (5.20)  

Proof. Setting 𝑥 =
𝑠

𝑝
 in (5.18), we obtain 

𝐹3 2
𝑘,𝑝,𝑠 

(𝛼,
𝛽

2
,
𝛽 + 𝑘

2
;
𝛾

2
,
𝛾 + 𝑘

2
;

𝑠

𝑝
) 

=
𝛤𝑝 𝑘

𝑠(𝛾)

𝑘 𝛤𝑝 𝑘
𝑠(𝛽) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛽)
 

× ∫ 𝑡
𝛽
𝑘

−1(1 − 𝑡)
𝛾−𝛽−𝛼

𝑘
−1(1 + 𝑡)

−𝛼
𝑘

1

0

𝑑𝑡. 

Using binomial theorem and the results (4.1) and (4.2) in 

the above equation, we have 

𝐹3 2
𝑘,𝑝,𝑠 

(𝛼,
𝛽

2
,
𝛽 + 𝑘

2
;
𝛾

2
,
𝛾 + 𝑘

2
; 𝑥) 

=
𝛤𝑝 𝑘

𝑠(𝛾) 𝛤𝑝 𝑘
𝑠(𝛾 − 𝛼 − 𝛽)

𝛤𝑝 𝑘
𝑠(𝛾 − 𝛼) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛽)
 

× ∑ (
𝛼

𝑘
)

𝑛

𝛤𝑝 𝑘
𝑠(𝛽 + 𝑛𝑘) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛼)

𝛤𝑝 𝑘
𝑠(𝛽) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛼 + 𝑛𝑘)

∞

𝑛=0

(−1)𝑛

𝑛!
. 

Finally, employing the identities (2.2) and (3.4), we have 

the desired result. 

Corollary 5.7. Setting 𝛼 = −𝑛𝑘 in (5.20) and using 

(3.4), we obtain 

𝐹3 2
𝑘,𝑝,𝑠 

(−𝑛𝑘,
𝛽

2
,
𝛽 + 𝑘

2
;
𝛾

2
,
𝛾 + 𝑘

2
;

𝑠

𝑝
) 

=
(𝛾 − 𝛽)𝑛,𝑘

𝑝,𝑠

(𝛾)
𝑛,𝑘
𝑝,𝑠 𝐹2 1

𝑘,𝑝,𝑠 
(−𝑛𝑘, 𝛽; 𝛾 + 𝑛𝑘; −

𝑠

𝑝
).       (5.21) 
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Theorem 5.6. If 𝑅𝑒(𝛾 − 𝛼 − 𝛽) > 0, 𝛾 ∈ 𝐶\𝑧0
−, then 

𝐹4 3
𝑘,𝑝,𝑠 

(𝛼,
𝛽

3
,
𝛽 + 𝑘

3
,
𝛽 + 2𝑘

3
;
𝛾

3
,
𝛾 + 𝑘

3
,
𝛾 + 2𝑘

3
;

𝑠

𝑝
) 

=
𝛤𝑝 𝑘

𝑠(𝛾) 𝛤𝑝 𝑘
𝑠(𝛾 − 𝛼 − 𝛽)

𝛤𝑝 𝑘
𝑠(𝛾 − 𝛼) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛽)
∑ (−

𝑠

𝑝
)

𝑛 (𝛼)𝑛,𝑘
𝑝,𝑠 (𝛽)𝑛,𝑘

𝑝,𝑠

(𝛾 − 𝛼)
𝑛,𝑘
𝑝,𝑠

𝑛!

∞

𝑛=0

 

 

× 𝐹2 1
𝑘,𝑝,𝑠 

(−𝑛𝑘, 𝛽 + 𝑛𝑘; 𝛾 − 𝛼 + 𝑛𝑘; −
𝑠

𝑝
).       (5.22) 

Proof. Setting 𝑥 =
𝑠

𝑝
 in (5.19), we obtain 

𝐹4 3
𝑘,𝑝,𝑠 

(𝛼,
𝛽

3
,
𝛽 + 𝑘

3
,
𝛽 + 2𝑘

3
;
𝛾

3
,
𝛾 + 𝑘

3
,
𝛾 + 2𝑘

3
;

𝑠

𝑝
) 

=
1

𝑘 𝐵𝑝 𝑘
𝑠(𝛽, 𝛾 − 𝛽)

∫ 𝑡
𝛽
𝑘−1(1 − 𝑡)

𝛾−𝛽−𝛼
𝑘 −1(1 + 𝑡(1 + 𝑡))

−𝛼
𝑘

1

0

𝑑𝑡. 

Using binomial theorem and simplify by using the results 

(4.1) and (4.2) in the above equation, we have 

𝐹4 3
𝑘,𝑝,𝑠 

(𝛼,
𝛽

3
,
𝛽 + 𝑘

3
,
𝛽 + 2𝑘

3
;
𝛾

3
,
𝛾 + 𝑘

3
,
𝛾 + 2𝑘

3
;

𝑠

𝑝
) 

=
𝛤𝑝 𝑘

𝑠(𝛾) 𝛤𝑝 𝑘
𝑠(𝛾 − 𝛼 − 𝛽)

𝛤𝑝 𝑘
𝑠(𝛾 − 𝛼) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛽)
 

× ∑ ∑ (
𝛼

𝑘
)

𝑛

𝑛

𝑟=0

𝛤𝑝 𝑘
𝑠(𝛽 + 𝑛𝑘 + 𝑟𝑘) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛼)(−𝑛)𝑟

𝛤𝑝 𝑘
𝑠(𝛽) 𝛤𝑝 𝑘

𝑠(𝛾 − 𝛼 + 𝑛𝑘 + 𝑟𝑘)

∞

𝑛=0

(−1)𝑛+𝑟

𝑛! 𝑟!
 

Employing the identities (2.2) and (3.4), we have 

𝐹4 3
𝑘,𝑝,𝑠 

(𝛼,
𝛽

3
,
𝛽 + 𝑘

3
,
𝛽 + 2𝑘

3
;
𝛾

3
,
𝛾 + 𝑘

3
,
𝛾 + 2𝑘

3
;

𝑠

𝑝
) 

=
𝛤𝑝 𝑘

𝑠(𝛾) 𝛤𝑝 𝑘
𝑠(𝛾−𝛼−𝛽)

𝛤𝑝 𝑘
𝑠(𝛾−𝛼) 𝛤𝑝 𝑘

𝑠(𝛾−𝛽)
  

× ∑ ∑ (
𝑠

𝑝
)

𝑛

(
𝑠

𝑝
)

𝑟 (𝛼)𝑛,𝑘
𝑝,𝑠 (𝛽)𝑛+𝑟,𝑘

𝑝,𝑠 (−𝑛𝑘)𝑟,𝑘
𝑝,𝑠

(𝛾 − 𝛼)
𝑛+𝑟,𝑘
𝑝,𝑠

𝑛

𝑟=0

∞

𝑛=0

(−1)𝑛+𝑟

𝑛! 𝑟!
.. 

Finally using (2.4), we have the desired result. 

6. Conclusion 

In this work, we have introduced the (k-p-s) - 

Pochhammer's symbol, (k-p-s)- Gamma function, (k-p-

s)- Beta function and (k-p-s)- generalized 

hypergeometric function. Many properties of these 

extended functions were studied, including their integral 

representations, summation formulas and functional 

relations. Each of the results derived in this work are 

reduce either to a known or new identities for certain 

generalized functions given in the literature. For 

example, if 𝑠 = 1, 𝑝 = 𝑘 , then the results are reduce to 

the results of k-functions (see [14],[19],[20]). If 𝑠 = 1, 

then we obtain the results of p-k-functions [16]. If 𝑘 =
𝑝

𝑠
, then we obtain the results involving p-s-functions [17]. 

Further, if we put 𝑠 = 𝑝 = 𝑘 = 1 , then we get the 

classical results (see for example [18]). Future work may 

focus on applications of the proposed functions in 

fractional calculus, integral transforms and solutions of 

generalized differential equations 
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