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Abstract

The Bessel function is probably the best known special function, within pure and applied mathematics. In this
paper, we introduce the generalized g-analogue Bessel matrix function of two variables. Some properties of
this function, such as generating function, g-difference equation, and recurrence relations are obtained.
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1. Introduction.

The theory of special functions performs an essential role
in the formalism of mathematical physics. The Bessel
functions [10] are one of the most important special
functions and have applications in number theory, lie
theory and theoretical astronomy to some problems of
engineering and physics.

The Bessel's function of first kind and r order is defined
by [10]

500 = B2 () (1.1)

nIT(r+n+1)

and the g-analogue Bessel function of one variable is
defined by [3, 4]

I @) = Eo e (5 (12)

I[r+n]q!
where lim/.(1 - Qxq) =/ . (1.3)
q-1

Mahmoud [9] presented the following generalized g-
Bessel function:

k
e
Ju(xaiq) = ( /z) Zk J(=1)k@+D (Z"“ " (¥*/,) , (1.4)

iOn (@GDk

which converges absolutely for all x when a € Z* and
for|x| < 2ifa=0.

The Bessel matrix functions J,(z) of the first kind of
order A is defined as follows [11, 12]:

i@ = 250 S A+ D (5),(L5)

where A is a matrix such that 4 € CV*V satisfying the
condition u is not a negative integer for all u € o(4),
where o(A) is the set of all eigenvalue of A.

The two variable Bessel's functions are defined by the
following series representations [1]:

]T,S(x’y) _ Z;‘;JFOL(E)Z"HT (M)Znﬂ , (]_6)

n!m!T(r+m+1)r(s+n+1) \2 2

and

T (yp@)\® -
Jrs(y) = l"((r)+1()1"(s+)1) 0Fl( T+ 1; _7) oF, (_ s+1,-2 p4( ))
, (L.7)

respectively, where r and s both integers.

Also, Tenguria and Sharma [13] introduced and studied
the advanced g-Bessel function of two variables defined

by

(=pm+n 2m+r 163 2n+s
Jrs(6y: @) = Empe O[m]q'[r+m]1q'[n]q'[s+n]q ( ) (%)
(1.8)
where  limJ, (1= @)%, (1 = @)y; q) = Jrs (6.
The g-shifted factorials are defined by [7]
1 , n=0
(@ @)y = {H;{z;g(l —ag®), neN (19)

(ay, 0 ar; Qr =Ilic1(a; Q) ;k=012,.. (1.10)
(@ @)oo = [Ticzo(1 — ag®),
(@ Dnre = (@ 0 (aq™; s, (1.11)
where &,8,'s,0 € R suchthat 0<q<1.
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Exton [5] presented the whole family of basic g-
exponential function as:

E(u2q) = Yo g™V %;, (1.12)
where [n]! = (22 (1.13)

The one parameter family of g-exponential functions
(@ TS an? zn
B (@) = Si0q ™ 2

with a € R has been considered in [6]. Consequently, in
the limit when g — 1,

im E@ -
we have lim E”((1—q)z) = e”.

In Exton's formula, if we replace z by ﬁ and p by =,

we get
E(g,é;q) = E,(x,),
where
Ey(x,0) = 2o q"®) - (1.14)

which satisfies the functional relation [2]
E,(x,a) — Eq(gx, a) = xE,(q%x, a).

The above g-function can be rewritten by the formula
DyE,(x,a) = ﬁEﬂl (q%x, a). (1.15)

Where the Jackson g-difference operator D, is defined

by [8]
D, f (x) = L2-L@, (1.16)

1-@)x

and satisfies the product rule

D,(f()g(x)) = F(g)Dag(x) + gD, f(x). (1.17)

In this paper, we introduce a second form of the
generalized g-Bessel matrix function of two variables
and study some of its properties.

2. The generalized g-Bessel Matrix function of
two variables

We define the generalized g-Bessel matrix function of
two variables, denoted by J,s(x,v,a,4,B;q), by the
following generating function:

g [2Ae o] b [0 aYax2A o] o [a%aBypGow a
a 2 T2 74 2t ‘2] 74 2

’2

(-1)**1q"/+Byp(x)
X Eq —w

';] - Z q‘l/4(r2+52)]r'5(x'y' a,A,B; Q)fTWS
| ,(2.2)
wherea € Z*,x,y €R, t,weC, t,w+0

A,B € CV*N x > 0,p(x) > 0, satisfying the condition
of the matrix in (1.5).

Now, by using the above generating function we will
deduce the generalized q-Bessel function of two
variables [, (x,y,a,4,B;q) in the form of the
following theorem:

Theorem 2.1.

Let us assume that 4,B € CVN*V,x > 0,p(x) >0, 0 <
q < 1 then the following formula for g-Bessel function

of two variables ], (x,y,a,A4, B; q) holds true:
(xm)r(ﬂyp(x))s

2 2

Irs (x.y,a,4,B;q) = (@) (@:a)s

(=1)MFm(a+D) g Y plmm+n)nm+s)] oy 77 2m Byp(0)\ 2" (2 2)
2 TAT

X Y=
Zm,n—o @D m(GDm (@500 (@G)n 2

which converges absolutely for all x and y whena € Z*
and for x| < 2,|y| <2ifa=0.

Proof. Let us denote the left hand side of (2.1) by W and
by using (1.14), we have

r-m

W=y, ( 1)m(@+1) qa/Z[(;)+(rzn)]+%(Hm) (X\/ﬂ)ﬂ'm
= 4ir=0 Lm=0\"" N

(@D (@Dm 2

Yl(G)+(F) s +n) Byp(x)\St"

o o _1yn(a+1) 4 yp s-n
X X520 Xn=o(—1) (@GDs(@Dn ( 2 ) _W ! (2.3)
Replace r and s by r + m and s + n respectively in the

right hand side of equation (2.3), we get

as [(THM) 1 (M4 12m
W= B (- AT IERR gy,

(@GDr+m(@:Dm 2

a/Z[(s-;")+(;l)]+%(s+2ﬂ) (Byp 105
(@D s+n(@@n 2

DRI NG VERE )W (24)

By using relation (1.11) in (2.4), we obtain

q%/alr+s?) (m/ﬁ)r (Byp(x))s

w=y>_
Lrs=—eo @Dr(@Ds \ 2 2

o (—1) (@D g Yolmmar+n+] v 72\ 2™ (Byp()\2M .

X Limn=o0 @*)m(@GDm @S On (@GO ( 2 ) ( 2 ) tws.

(2.5)

By equating the coefficients of t"w* with the right hand
side of (2.1), we get the relation (2.2).

Remark 2.1. Putting a =0,4 = él,B =] and y =

O,A=%I,B =1 in equation (2.1) and in view of
equations (1.8) and (1.4), we get

Irs (x'yr 0511 q) =Jrs(x,y; @), (2.6)
and

Jrs (%0,0,3115) = ) (a5 0), 2.7)
respectively.
Corollary 2.1.

The function J, ;(x,y,a, 4, B; q) is a g-analogy of each
of the Bessel matrix function and the modified Bessel
matrix function.

Proof. Using (1.11) and (1.15) in (2.2) and taking the
limitas g —» 1 and settingx - (1 —g)xand y —» (1 —
q)y, we get

lim Jrs(—@x, (1 - @)y,a,4,B;q)

((1,q)xm)r((1,q)3y,,(x))s
= lim N 2 JN 2z 7
q—1 (@a)+(@:a)s

g DIt ((1—q)x\/ﬁ)2m ((1-q)3y”("))zn
MN=0" (G147.0) (: ) m (@D n (@G Dn 2 2

_ (xm)r (w)s yo___nommern ("m)zm (BL("))Z”

2 2 r(r+m+1)m!I'(s+n+1)n! 2 2
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Hence,

lim  Jrs(A=@)x (1= @)y, @, 4,B;q) = Jrs(x,7,0,4,8) , (2.8)

corollary 2.2.

If I',S be integer, then J, ;(x, ¥, a, A, B; q) satisfies the
following relations:

Jors(t,y,a,4,B; @) = (-1)"“*V), (x,y,a,4,B;q) , (2.9)
Jr-s(y,0,4,B;9) = (-1)***V], (x,y,4,4,B;¢) ,  (2.10)

]—r,—s(x: ya, A, B; q) = (—1)(”5)(a+1)]r_s(x,y, a, A, B; q) y (211)

Proof. Using (2.2), we get

]—r,s(x- Y a, A, B; q)

(-1
_Zmno

YA (@t 1) g Yplmim=r)+n(n+s)] (xm)zm‘r (Byp(x))2"+s
(@GOm—rGDOm@GDnts(@:Dn !

2 2

(2.12)
replace m by m + r inthe r.h.s. of (2.12), we obtain

J-rs(x,y,a,A,B; q)

(_1)(m+r+n)(u+1)q‘1/2 [m(m+r)+n(n+s)] (xm)2m+
(@Dmr(@GOm(@GDn+s(@GOn 2

ez
(2.13)

which on using definition (2.2) gives yields the required
relation(2.9).

Similarly,we can prove the relations (2.10) and (2.11).

= 2%,71:0

corollary 2.3.
The function J, ;(x,y,a, A, B; q) satisfies the relations:

]r,s(_x:yﬂ a:A:B; Q) = (_1)T]r,s(xl}/f a:A:B; Q), (214)
]T,S(x! -y, aq, A! B; Q) = (—1)5],4'5(36,}7, a:A:B; Q), (215)
]r,s(_x: =Y, a:A:B; Q) = (_1)T+S]r,s(xly’ a,A,B; Q) (216)

Proof. Since,

(25 2y

Jrs(=2,y,a,4,B;q) = (@0 @0)s

(~1)mHm)(a+1) g Yo [mm+n)+n(n+s)] (_ xm)Zm (Byp(x))zrt

X e
Linn=o @ Dm@GOm @S Dn(@GDn 2 2

2m

Z (- 1)(m+n)(u+1)qa/2[m(m+r)+n(n+s)] (xr) (Byp(x)) 2n
MA=0 (T (@G Dm @ SO (@ Dn \ 2 2

A)r(Bypm)

(@:0)+(@:9)s

( )r(
which in view of (2.2) yields relation (2.14).
Similarly, the relations (2.15) and (2.16), can be proved.

3. The g-difference equation of the matrix
function J,. s(x,y,a,A,B; q)

In order to derive the g-difference equation of the

function J, s(x, v, a, A, B; q) applying the operator Dy,q

, on both sides of generating function (2.1) and using
relations (1.15) and (1.17), we get

E, [ q"axvzat a] [( 1)‘“1 “/4x 24 a]
"2

_1)a+igY. atd _1)a+1,3Y.
{( 1)3+1q%4Bp(x) E, [q +Byp(x)w g] E, [( 1)9*1¢*/4Byp(x) g] n

’ )

2(1-qw 2 2 2w 2
q“sBp@w . [¢*V1Bypw o (-11¢"4Byp(x) a
E ,~| E, =
201-q) 1 2 2 2w 2

= 2%;:700 qa/4(r2+sz) Dy,q]r,s (x’ v,q, A, B,‘ q)trws (31)

Using (1.14) in the I.h.s. of the above equation, we obtain

Yo [G)+(+50+m) r+m
m(a+1) 4 xV2 r-m
Zr=o Zm=o(=1) (@D @GDm ( 2 ) t

(-1)%*1q%aBp(x) na+1) 4 /2[(2)‘*(”)]* (5+")+5+ ™ BypGO\ST
{72(1_q)w 5o To(=1) s (222) w4
Y [(D+B)]+5s+m+gs (Byp(x))s+n -
@Ds(@a)n 2

%ap, (xX)w
aq *5p n(a+1) 4
I 5 5o (1)

= Z:,)S=fw qﬂ/4(r2+52) Dy,q]r,s(xl ya AB; q)trws (32)

Replace r and s by r + m and s + n respectively in the
l.h.s. of (3.2), we get

as [(T+M) 4 (M) 4+ %1 2m
R G Gk A Sl ) B

(@GDr+m(@GDm 2

a, a
Mzw ¥ (—1)n@+D) qa/z[(sgn)*'(’z[)]+E(s+2")+s+"+i" (M)HM ws
2(1-q)w s=—00 £n=0 (@Ds+n(@GDn 2
/(57 + (@) + s +2n)+ g s+m) (Byp(x))s+2n WS}

@:Ds+n(@:Dn 2

% aBpoyw
a 14 n(a+1) 4
O 3w Tea(—1)

=32 qa/4(r2+52) Dy’q]r's(x, y,a,4,B; Q)t"ws (33)

which on using definition (2.2) in the l.h.s. gives

a 2) | (-1)%*1q Yals+D+3 Bp(x) a+2
S g >{—1”+1 (.

/. .
o 4y,0,4,B;q) +

as
a7+ Bpx)

a
e Jrsm1(va"y. 0 AB; q)}t’WS

. qa/4(r2+32) Dy o)rs(x,y, 0,4, B; )t7w* (3.4)

By equating the coefficients of t"w® in the above
equation, we get

DJ'»q]r,s(x; y,a,4,B; q)
o
- 21-q) rs+1 (
il (G
20-9
Hence the g-difference equation for . (x,y,a,4,B; q)
is given by

/4yaABq)

Jrs-1(x,q"/y,a,A,B; q)

.
q /+Bp(x)
Dy olrs(x,y,0,A,B;q) = 20-9

as s+l 2
x {(—D“*lq4+ 2 s (0" y,0,4,8:q)
_as a
+q psoa(x.q/4y, a.A,B:q)}
(35)

4. The recurrence relations of the matrix
function J,. s(x,y,a, A, B; q)

The following g-recurrence relations of the function
Jrs(x,y,a,4, B; q) holds true:
Theorem 4.1.

2[J_]

Jrs(,y,0,4,B;q) = A= (q") " Jrars(a™V4x,y,0,4,Bq)

D@V (y,0,4,8;9)
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Proof. From (2.2), we know that

(2L28) ez’

Jrs(%y,a,4,B;q) = (@GO (@D)s

(_1)(m+n)(u+1)qa/2[m(m+r)+n(n+s)](qr+m+1;q) (xm)Zm (Byp(x))Zn

Xy _
L n=0 @M@ 50 (@GO m @S0 (@ O 2 2

By using relations (1.9) and (1.11), we get

(xr)’(syp(»o)

Jrs(x,y,0,A,B; q) = Tonnmo(—1)m¥ma+)

(@D (@)

q“/z[m(m+r)+n(n+s)](1_qr+1+qr+1_qr+m+1) (xm)zm (Byp(x))zn
@ Dm+1(@GDm (@5 Dn(@On 2 2

Using (1.11), we get

Z[F] (1 r+1) (X ZZA) (B%(X))S

Jrs(%.3.,A B 4) = T Gorens

(_1)(m+n)(a+1)q‘1/z[m(m+r+1)+n(n+s)]—%m (xm)zm (Byp(x))zn
@*01(@** " )m(@Dm @ SO (@n \ 2 2

X Ymn=0

T+2 s
(222
@GOr(@:a)s

Z (- 1)(m+n)(a+1)qu/z m(m+r)+n(n+s)] (1- qm) I:(Xm)z]m—l (Byp(x))zn
MN=0 (4147,0), (@) m (@O m @S Dn (@D 2 2

Using, (¢; @)m = (1 — q™)(q; 9)m-1 and replace m by
r + 1inr.h.s. in a second term, we obtain

T+1 s
ZA) (By;za(x))

=BT e §
Jrs(6y,a,4,8;q) = a- ) (@Dr+1(@:0)s

<y (=) M) (@+1) g Yplm(mr+1)+n(n+s)] (q'a/4xm) zm (Byp(x))zn
MA=0 (247 ) (G D m (@S D (@D 2 2

‘1_+2(r+1) ( ZA)HZ(Byzz?(X))S

@D r+2(@:0)s

+q 2

s (- 1) An+D) @+ 1) g Y plm(mtr+2) +n(n+s)] [(xm)z]m (Byp(x))zn
MI=0 T (@347,0) i (G0 m (@S Dn (G Dn 2 2

2[vza] " r+1 -
JrsCey @A B @) = L (1 - ey () (a7 7,0,4,B;.)

HED@DG TN (x,y,a,4,B)
Which the required relation.
Similarly, if we write (1 — g™ + g™ — q"*™*1) instead

of (1 —q"! + q"** — q"*™*1), we prove the
following lemma.

corollary 4.1.

_a\TH1

2|V24 a-z 2-a
lr,s(X,y,a.A,B: q) [m 1- r+1) (q 2 ) Jri1s (q +x,y,a,A4B; Q)

]r+2$(x y,a A B Q)

Theorem 4.2.

2[B]~*
[B] (

+1 -
S =a(@") Jrena(x.a 7y,0,4,B:q)

Jrs(x,y,0,4,B;q) =
a+2
H(=DE@ Vg2 OV (Y, a,A,B;q)

Proof. From (2.1), we know that

2A (Byp(x))
]rs(x V. a, A, B; Q) ((‘/q_Z)WZmn 0( 1)(m+n)(a+l)

qa/z[m(m+r)+n(n+s)](1_qs+1+qs+1_qs+n+1) (xm)Zm (Byp(x))zn
@ D)m(@GDm @S Ons1 (@O0 2 2

Using (1.11), we get

. (@)r(eyp(x))”l
X9, d, A B _ 1— s+1y\ 2 J\ 2 J
Jrs(x,y Q= yp(x) ( ) (@@)r(@as
3 (_1)(m+n)(a+1)qa/z[m(m”)*"("*s“)]_g" (xm)zm (Byp(x))zn
=0 (g7, ) i (@D m (@S 1 (@2 S Dn(@n \ 2 2
xv24\" (Byp(x)\*+?
T

(@:0)r(@:9)s
-1

e (=1)m+n)(a+1) g/ [mmar)+n(n+s)] (1 _gn) (Xr)zm ((Byp(x))z)n
=0 (G ) (6D m (@01 (@2 5D (@0 \ 2 2

Using, (¢; @) = (1 — q™)(q; @)n—1 and replace n by
n + 1inr.h.s. in a second term, we obtain

_ 24\ (Byp()) "+t
]r,s(x'y: a'A'B; q) = Zy[B_]l(l _ s+1)( ) ( 2 )

p(x) (@D (@Ds+1

o COIEDYlmimen s D] o TA)\ 2T (g~ Yapyp\ "
X Ymn=0

@*":D)m (@D m @S (@:0n 2 2
s (xﬁ) (By,,(x))m

—(s+1) 2
+q (@D r(@Ds+2

(—1) N+ D(@HD) g Y lmmr)+nin+s+2)] (xm)zm (Byp(x))zn
@*Dm(@Dm (@3S0 (@) 2 2

Zimn=0

2[B]"t s+1 -
Jrs@y,a, A8 q) =50 (=) (q"4) " Jrsia(x.q /4y,0,4,B;q)

HD@GTED) L (x,y,a,4,8; )
Which the required relation.

Similarly, if we write (1 — g™ + g™ — ¢t"*1) instead
of (1 — g5*1 + 5% — ¢5*™*1), we prove the following
lemma.

corollary 4.2.

Ss+1

B a-2 2-a
Jrs(,y,0,4,B;) =2 ])(1—115“) (47) Jrsn(xa7y.a4Bq)

a
H(=D)@ Vg o (x,y,a,4,B; q).
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