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Abstract 

The main object of this paper is to introduce a new extension of Hurwitz-Lerch Zeta function by using the 

extended Beta function given in [1]. Some recurrence relations, generating functions and integral 

representations are derived for that new extension. 
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1. Introduction 

Very recently, Al-Gonah and Mohammed [1], introduced 

the extended Beta function and studied some properties of 

that function. The extended Beta function is defined by 

[1,p.259(2.2)]: 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) 

= ∫ 𝑡𝑥−1
1

0

(1 − 𝑡)𝑦−1𝐸𝜌,𝜎
𝜏 (

−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡,                       (1.1) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝜏) > 0, 𝑅𝑒(𝑥)
> 0, 𝑅𝑒(𝑦) > 0), 

where𝐸𝜌,𝜎
𝜏 (𝑧)denotes the generalized Mittag-Leffler 

function defined by [12,p.7(1.3)] see also [13]: 

𝐸𝜌,𝜎
𝜏 (𝑧) = ∑

(𝜏)𝑛
Г(𝜌𝑛 + 𝜎)

∞

𝑛=0

𝑧𝑛

𝑛!
,                                          (1.2) 

(𝑧, 𝜌, 𝜎, 𝜏 ∈ ℂ; 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝜏) > 0). 
 

 It is clear that 

Г(𝜎)𝐸1,𝜎
𝜏 (𝑧) = 𝐹1 1(𝜏; 𝜎; 𝑧),                                          (1.3𝑎) 

𝐸1,1
1 (𝑧) = 𝑒𝑧 .                                                                     (1.3𝑏) 

 

 

 

Note that, by using relations (1.3a) and (1.3b), we get the 

following special cases: 

𝐵𝑝
(1,𝜎,𝜏)(𝑥, 𝑦) =

1

Г(𝜎)
𝐵𝑝
(𝜏,𝜎)(𝑥, 𝑦),                                 (1.4𝑎) 

𝐵𝑝
(1,1,1)(𝑥, 𝑦) = 𝐵 (𝑥, 𝑦; 𝑝),                                      (1.4𝑏) 

Where 𝐵𝑝
(𝜏,𝜎)(𝑥, 𝑦) and 𝐵 (𝑥, 𝑦; 𝑝) denote the extended 

Beta functions defined [9,p.4602(2)] and [4,p.20(1.7)] by 

𝐵𝑝
(𝜌,𝜎)(𝑥, 𝑦)     

= ∫ 𝑡𝑥−1
1

0
(1 − 𝑡)

𝑦−1

𝐹1 (𝜌; 𝜎;
−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡,1 (1.5) 

(𝑅𝑒(𝑝) ≥ 0; 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝑥) > 0,

𝑅𝑒(𝑦) > 0), 

𝐵 (𝑥, 𝑦; 𝑝) 

= ∫ 𝑡𝑥−1
1

0

(1 − 𝑡)𝑦−1exp (
−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡,                       (1.6) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0), 

respectively. 

 

The extended Beta function given in equation (1.1) is used 

in [2] to define a new form of the extended Gauss 

hypergeometric function as: 

https://ejua.net/index.php/EJUA-BA/article/view/9
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𝐹𝑝
(𝜌,𝜎,𝜏)(𝑎, 𝑏; 𝑐; 𝑧)

= ∑(𝑎)𝑛

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑏 + 𝑛, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
,                          (1.7) 

(𝑅𝑒(𝑝) ≥ 0, |𝑧| < 1; 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0,

𝑅𝑒(𝜌) > 0 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝜏) > 0). 

 

Note that 

𝐹𝑝
(1,𝜎,𝜏)(𝑎, 𝑏; 𝑐; 𝑧) =

1

Г(𝜎)
𝐹𝑝
(𝜏,𝜎)(𝑎, 𝑏; 𝑐; 𝑧),                (1.8𝑎) 

𝐹𝑝
(1,1,1)(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝 (𝑎, 𝑏; 𝑐; 𝑧),                            (1.8𝑏) 

𝐹0
(𝜌,1,𝜏)(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹2 1(𝑎, 𝑏; 𝑐; 𝑧),                           (1.8𝑐) 

Where 𝐹𝑝
(𝜏,𝜎)(𝑎, 𝑏; 𝑐; 𝑧) and 𝐹𝑝 (𝑎, 𝑏; 𝑐; 𝑧) denoted the 

extended forms of hypergeometric functions given in 

[9,p.4606] and [5,p.591(2.2)] respectively. 

 

Various forms of generalizations of the Hurwitz-Lerch Zeta 

functionФ (𝑧, 𝑠, 𝑎) given in [14, p.121]) have been 

considered by many authors, see [3,6-8,10,11]. Some 

interesting forms of generalized Hurwitz-Lerch Zeta 

functions are defined in [8,p.100] and [7, p. 313]  as: 

Ф𝜇
∗ (𝑧, 𝑠, 𝑎; 𝑝) = ∑

(𝜇)𝑛
𝑛!

∞

𝑛=0

𝑧𝑛

(𝑛 + 𝑎)𝑠
,                         (1.9) 

(𝜇 ∈ ℂ; 𝑎 ∈ ℂ\ℤ0
−; 𝑠 ∈ ℂ when |𝑧| < 1, 𝑅𝑒(𝑠 − 𝜇)

> 1 when |𝑧| = 1), 

and 

Ф𝜆,𝜇;𝜈 (𝑧, 𝑠, 𝑎; 𝑝) = ∑
(𝜆)𝑛(𝜇)𝑛
(𝜈)𝑛𝑛!

∞

𝑛=0

𝑧𝑛

(𝑛 + 𝑎)𝑠
,        (1.10) 

(𝜆, 𝜇 ∈ ℂ; 𝜈, 𝑎 ∈ ℂ\ℤ0
−; 𝑠 ∈ ℂ when |𝑧| < 1,

𝑅𝑒(𝑠 + 𝜈 − 𝜆 − 𝜇) > 1 when |𝑧| = 1), 

respectively.  

 

Recently, several forms of extended Beta functions are 

used to investigate and introduce new forms of extended 

Zeta function given in equation (1.10). Parmar and Raina 

[11] used the extended Beta function 𝐵 (𝑥, 𝑦; 𝑝) to 

introduce the following extension of generalized Hurwitz-

Lerch Zeta function: 

Ф𝜆,𝜇;𝜈 (𝑧, 𝑠, 𝑎; 𝑝)

= ∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

𝐵(𝜇 + 𝑛, 𝜈 − 𝜇; 𝑝)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑛

(𝑛 + 𝑎)𝑠
,                   (1.11) 

( 𝑝 ≥ 0; 𝜆, 𝜇 ∈ ℂ; 𝜈, 𝑎 ∈ ℂ\ℤ0
−; 𝑠 ∈ ℂ when 

|𝑧| < 1; 𝑅𝑒(𝑠 + 𝜈 − 𝜆 − 𝜇) > 1 when |𝑧| = 1),
 

with the integral representation [11,p.120(3.1)]: 

Ф 𝜆,𝜇;𝜈 (𝑧, 𝑠, 𝑎; 𝑝)

=
1

Г(𝑠)
∫ 𝑡𝑠−1
∞

0

𝑒−𝑎𝑡𝐹𝑝(𝜆, 𝜇; 𝜈; 𝑧𝑒
−𝑡) 𝑑𝑡,                 (1.12) 

(𝑅𝑒(𝑝) ≥ 0; 𝑝 = 0, 𝑅𝑒(𝑎) > 0; 𝑅𝑒(𝑠) > 0 when|𝑧|

≤ 1 (𝑧 ≠ 1); 𝑅𝑒(𝑠) > 1 when 𝑧 = 1). 

 

Very recently, Parmar et al. [10] used the extended Beta 

function𝐵𝑝
(𝜌,𝜎)(𝑥, 𝑦) to introduce the following extension 

of generalized Hurwitz-Lerch Zeta function: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎) (𝑧, 𝑠, 𝑎; 𝑝)

= ∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎)(𝜇 + 𝑛, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑛

(𝑛 + 𝑎)𝑠
,              (1.13) 

( 𝑝 ≥ 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0; 𝜆, 𝜇 ∈ ℂ; 𝜈, 𝑎 ∈ ℂ\ℤ0
−;

𝑠 ∈ ℂ when |𝑧| < 1; 𝑅𝑒(𝑠 + 𝜈 − 𝜆 − 𝜇) > 1 when |𝑧| = 1),
 

with the integral representation [10,p.180(3.1)]: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎) (𝑧, 𝑠, 𝑎; 𝑝)

=
1

Г(𝑠)
∫ 𝑡𝑠−1
∞

0

𝑒−𝑎𝑡𝐹𝑝
(𝜌,𝜎)(𝜆, 𝜇; 𝜈; 𝑧𝑒−𝑡) 𝑑𝑡,          (1.14) 

( 𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0; 𝑝 = 0, 𝑅𝑒(𝑎) > 0

; 𝑅𝑒(𝑠) > 0 when |𝑧| ≤ 1 (𝑧 ≠ 1); 𝑅𝑒(𝑠) > 1 when 𝑧 = 1).
 

Motivated by various recent interesting extensions of the 

Hurwitz-Lerch Zeta function, we introduce a new form of 

extended Hurwitz-Lerch Zeta function and investigate its 

properties. 

2. A new extended Hurwitz-Lerch Zeta 

function 

In this section, we use the extended Beta 

function𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) defined by equation (1.1) to propose 

a new extended Hurwitz-Lerch Zeta function as follows: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)

= ∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑛

(𝑛 + 𝑎)𝑠
,           (2.1) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝜏) > 0; 𝜆, 𝜇 ∈ ℂ 

; 𝜈, 𝑎 ∈ ℂ\ℤ0
−; 𝑠 ∈ ℂ when |z| < 1; 𝑅𝑒(𝑠 + 𝜈 − 𝜆 − 𝜇)

> 1 when |𝑧| = 1). 
 

We observe that 

Ф𝜆,𝜇;𝜈
(1,1,1) (𝑧, 𝑠, 𝑎; 0) = Ф𝜆,𝜇;𝜈 (𝑧, 𝑠, 𝑎),                   (2.2𝑎) 

Ф𝜆,𝜇;𝜈
(1,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜎)
Ф𝜆,𝜇;𝜈
(𝜏,𝜎) (𝑧, 𝑠, 𝑎; 𝑝),         (2.2𝑏) 
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Ф𝜆,𝜇;𝜈
(1,1,1) (𝑧, 𝑠, 𝑎; 𝑝) = Ф 𝜆,𝜇;𝜈 (𝑧, 𝑠, 𝑎; 𝑝),             (2.2𝑐) 

Ф1,𝜇;1
(1,1,1) (𝑧, 𝑠, 𝑎; 𝑝) = Ф𝜇

∗ (𝑧, 𝑠, 𝑎; 𝑝),                        (2.2𝑑) 

Ф1,𝜇;1
(1,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜎)
Ф𝜇
∗(𝜏,𝜎) (𝑧, 𝑠, 𝑎; 𝑝),        (2.2𝑒) 

where Ф𝜆,𝜇;𝜈 (𝑧, 𝑠, 𝑎), Ф𝜆,𝜇;𝜈
(𝜏,𝜎) (𝑧, 𝑠, 𝑎; 𝑝) and 

Ф 𝜆,𝜇;𝜈 (𝑧, 𝑠, 𝑎; 𝑝) are defined by equations (1.10), (1.12) 

and (1.11) respectively,Ф𝜇
∗ (𝑧, 𝑠, 𝑎; 𝑝) and 

Ф𝜇
∗(𝜏,𝜎) (𝑧, 𝑠, 𝑎; 𝑝) are defined in [11] and [10] as: 

Ф𝜇
∗ (𝑧, 𝑠, 𝑎; 𝑝)

= ∑

∞

𝑛=0

𝐵(𝜇 + 𝑛, 1 − 𝜇; 𝑝)

𝐵(𝜇, 1 − 𝜇)

𝑧𝑛

(𝑛 + 𝑎)𝑠
,                             (2.3) 

(𝑝 ≥ 0; 𝜇 ∈ ℂ; 𝑎 ∈ ℂ\ℤ0
−; 𝑠 ∈ ℂ when |𝑧| < 1, 𝑅𝑒(𝑠 − 𝜇)

> 1 when|𝑧| = 1), 

Ф𝜇
∗(𝜏,𝜎) (𝑧, 𝑠, 𝑎; 𝑝)

= ∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

𝐵𝑝
(𝜏,𝜎)(𝜇 + 𝑛, 1 − 𝜇)

𝐵(𝜇, 1 − 𝜇)

𝑧𝑛

(𝑛 + 𝑎)𝑠
,                  (2.4) 

(𝑝 ≥ 0, 𝑅𝑒(𝜏) > 0, 𝑅𝑒(𝜎) > 0; 𝜇 ∈ ℂ; 𝑎 ∈ ℂ\ℤ0
−; 

𝑠 ∈ ℂ when |𝑧| < 1, 𝑅𝑒(𝑠 − 𝜇) > 1 when|𝑧| = 1), 

respectively. 

 

Remark2.1.The extended Hurwitz-Lerch 

functionФ𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) defined by equation (2.1) is 

seen to satisfy the following limit case: 

Ф𝜇;𝑣
∗(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) = lim

|𝜆|→∞
{Ф𝜆,𝜇;𝑣

(𝜌,𝜎,𝜏)
(
𝑧

𝜆
, 𝑠, 𝑎; 𝑝)} ,  

=∑

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑛

𝑛! (𝑛 + 𝑎)𝑠
,          (2.5) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝜏) > 0; 
𝜇 ∈ ℂ; 𝜈, 𝑎 ∈ ℂ\ℤ0

−; 𝑠 ∈ ℂ when |𝑧| < 1; 
𝑅𝑒(𝑠 + 𝜈 − 𝜇) > 1 when|𝑧| = 1). 

 

        Note that 

Ф𝜇;1
∗(1,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜎)
Ф𝜇
∗(𝜏,𝜎) (𝑧, 𝑠, 𝑎; 𝑝),   (2.6) 

Where Ф𝜇
∗(𝜏,𝜎) (𝑧, 𝑠, 𝑎; 𝑝) is defined by equation (2.4). 

 

Some properties of the extended Hurwitz-Lerch Zeta 

functionФ𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)are established in the form of 

the following theorems: 

 

Theorem 2.1.For the extended Hurwitz-Lerch Zeta 

functionФ𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), we have the following 

recurrence relation: 

𝜈 Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏)

= 𝜇 Ф𝜆,𝜇+1;𝜈+1
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) 

+(𝜈 − 𝜇) Ф𝜆,𝜇;𝜈+1
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝),        (2.7) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜈) > 𝑅𝑒(𝜇) > 0). 

 

Proof. Using the following known relation [1,p.259(2.5)]: 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) = 𝐵𝑝

(𝜌,𝜎,𝜏)(𝑥 + 1, 𝑦)

+ 𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦 + 1),                           (2.8) 

in definition (2.1), we get 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) = ∑

(𝜆)𝑛
𝑛!

∞

𝑛=0

𝑧𝑛

(𝑛 + 𝑎)𝑠
 

× [
𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛 + 1, 𝜈 − 𝜇) + 𝐵𝑝

(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇 + 1)

𝐵(𝜇, 𝜈 − 𝜇)
] 

=
𝐵(𝜇 + 1, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)
 

×∑
(𝜆)𝑛
𝑛!

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛 + 1, 𝜈 − 𝜇)

𝐵(𝜇 + 1, 𝜈 − 𝜇)

∞

𝑛=0

𝑧𝑛

(𝑛 + 𝑎)𝑠
 

+
𝐵(𝜇, 𝜈 − 𝜇 + 1)

𝐵(𝜇, 𝜈 − 𝜇)
 

×∑
(𝜆)𝑛
𝑛!

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇 + 1)

𝐵(𝜇, 𝜈 − 𝜇 + 1)

∞

𝑛=0

𝑧𝑛

(𝑛 + 𝑎)𝑠
,    (2.9) 

which on using the relation [15]: 

𝐵(𝑥, 𝑦) =
Г(𝑥)Г(𝑦)

Г(𝑥 + 𝑦)
,            (𝑥, 𝑦 ∈ ℂ\ℤ0

−),                (2.10) 

and then using definition (2.1) gives the desired result. 

 

Remark 2.2.Using the following relations [1]: 

(1 + 𝜌𝜏 − 𝜎)𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) 

= 𝜌 𝜏 𝐵𝑝
(𝜌,𝜎,𝜏+1)(𝑥, 𝑦) − 𝐵𝑝

(𝜌,𝜎−1,𝜏)(𝑥, 𝑦),                    (2.11) 
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𝑝 𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥 − 1, 𝑦 − 1) 

= 𝐵𝑝
(𝜌,𝜎−𝜌,𝜏−1)(𝑥, 𝑦) − 𝐵𝑝

(𝜌,𝜎−𝜌,𝜏)(𝑥, 𝑦),                     (2.12) 

and proceeding on the same lines of proof of Theorem 2.1, 

we get some recurrence relations in the form of the 

following theorem: 

Theorem 2.2.For the extended Hurwitz-

LerchZetafunctionФ𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), we have the 

following recurrence relations: 

(1 + 𝜌𝜏 − 𝜎)Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) 

= 𝜌𝜏Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏+1) (𝑧, 𝑠, 𝑎; 𝑝)

− Ф𝜆,𝜇;𝜈
(𝜌,𝜎−1,𝜏) (𝑧, 𝑠, 𝑎; 𝑝),              (2.13) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜈) > 𝑅𝑒(𝜇) > 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜏)

> 0, 𝑅𝑒(𝜎) > 1), 

𝑝𝜈 (𝜈 + 1) Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) 

= 𝜇(𝜈 − 𝜇) {Ф𝜆,𝜇+1;𝜈+2
(𝜌,𝜎−𝜌,𝜏−1) (𝑧, 𝑠, 𝑎; 𝑝)

− Ф𝜆,𝜇+1;𝜈+2
(𝜌,𝜎−𝜌,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)},         (2.14) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜈) > 𝑅𝑒(𝜇) > 0, 𝑅𝑒(𝜎) > 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜏)

> 1). 

 

Remark 2.3. Using the following relations [1,p.260]: 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) = ∑𝐵𝑝

(𝜌,𝜎,𝜏)

∞

𝑛=0

(𝑥 + 𝑛, 𝑦 + 1),            (2.15) 

 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 1 − 𝑦) = ∑

(𝑦)𝑛
𝑛!

∞

𝑛=0

𝐵𝑃
(𝜌,𝜎,𝜏)(𝑥 + 𝑛, 1),     (2.16) 

 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) = ∑ (𝑘

𝑛
)𝐵𝑝

(𝜌,𝜎,𝜏)𝑘
𝑛=0 (𝑥 + 𝑛, 𝑦 + 𝑘 − 𝑛),                  

                                                                                   (2.17) 

and proceeding on the same lines of proof of Theorem 2.1, 

we get some summation relations in the form of the 

following theorem: 

Theorem 2.3.For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), we have the following 

summation relations: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)

= (𝜈 − 𝜇)∑
(𝜇)𝑘
(𝜈)𝑘+1

Ф𝜆,𝜇+𝑘;𝜈+𝑘+1
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝),

∞

𝑘=0

     (2.18) 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)

= ∑
(𝜇 − 𝜈 + 1)𝑘𝐵(𝜇 + 𝑘, 1)

𝑘! 𝐵(𝜇, 𝜈 − 𝜇)
Ф𝜆,𝜇+𝑘;𝜇+𝑘+1
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝),

∞

𝑘=0

 

                                                                                   (2.19) 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)

= ∑(
𝑟

𝑘
)
𝐵(𝜇 + 𝑘, 𝜈 − 𝜇 − 𝑘 + 𝑟)

𝐵(𝜇, 𝜈 − 𝜇)
Ф𝜆,𝜇+𝑘;𝜈+𝑟
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝).

𝑟

𝑘=0

 

                                                                                   (2.20) 

Theorem 2.4.For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following derivative 

formula holds true: 

𝑑𝑘

𝑑𝑧𝑘
{Ф𝜆,𝜇;𝜈

(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)} 

=
(𝜆)𝑘(𝜇)𝑘
(𝜈)𝑘

Ф𝜆+𝑘,𝜇+𝑘;𝜈+𝑘
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎 + 𝑘; 𝑝).               (2.21) 

 

Proof.From definition (2.1) and using the following 

relation [15]: 

𝑑𝑘

𝑑𝑧𝑘
𝑧𝑛 =

𝑛!

(𝑛 − 𝑘)!
𝑧𝑛−𝑘,             (𝑘 ∈ ℕ0),          (2.22) 

we fined 

𝑑𝑘

𝑑𝑧𝑘
{Ф𝜆,𝜇;𝜈

(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)}

= ∑
(𝜆)𝑛

(𝑛 − 𝑘)!

∞

𝑛=𝑘

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑛−𝑘

(𝑛 + 𝑎)𝑠
.     (2.23) 

 

Replacing𝑛by 𝑛 + 𝑘,we obtain 

𝑑𝑘

𝑑𝑧𝑘
{Ф𝜆,𝜇;𝜈

(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)} 

=∑
(𝜆)𝑛+𝑘
(𝑛)!

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)
 

       ×
𝑧𝑛

(𝑛 + 𝑘 + 𝑎)𝑠
 ,                                                     (2.24) 

which on using the following relations [15]:  

𝐵(𝑏, 𝑐 − 𝑏) =
(𝑐)𝑘
(𝑏)𝑘

𝐵(𝑏 + 𝑘, 𝑐 − 𝑏),                         (2.25) 

 

(𝑎)𝑚+𝑛 = (𝑎)𝑚(𝑎 +𝑚)𝑛 ,                                           (2.26) 
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and then in view of definition (2.1), we get the desired 

result. 

 

Theorem 2.5.For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following derivative 

formula holds true: 

𝑑𝑘

𝑑𝑝𝑘
{Ф𝜆,𝜇;𝜈

(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)}

=
(𝜏)𝑘(𝜈 − 𝜇)𝑘
(1 − 𝜇)𝑘(𝜈)−2𝑘

Ф𝜆,𝜇−𝑘;𝜈−2𝑘
(𝜌,𝜎+𝜌𝑘,𝜏+𝑘) (𝑧, 𝑠, 𝑎; 𝑝).          (2.27) 

 

Proof. From definition (2.1) and using relations (1.1) and 

(1.2), we have 

𝑑𝑘

𝑑𝑝𝑘
{Ф𝜆,𝜇;𝜈

(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)} 

=
1

𝐵(𝜇, 𝜈 − 𝜇)
∑

∞

𝑛=0

{
(𝜆)𝑛
𝑛!

∫ 𝑡𝜇+𝑛−1
1

0

(1 − 𝑡)𝜈−𝜇−1 

×∑

∞

𝑟=0

(−1)𝑟(𝜏)𝑟
Г(𝜌𝑟 + 𝜎)(𝑟 − 𝑘)!

𝑝𝑟−𝑘

𝑡𝑟(1 − 𝑡)𝑟
𝑧𝑛

(𝑛 + 𝑎)𝑠
} 𝑑𝑡. (2.28) 

 

 

Replacing𝑟by 𝑟 + 𝑘 in equation (2.28) and then using 

relations (1.2) and (1.1), we obtain 

𝑑𝑘

𝑑𝑝𝑘
{Ф𝜆,𝜇;𝜈

(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)} 

=
(−1)𝑘(𝜏)𝑘𝐵(𝜇 − 𝑘, 𝜈 − 𝜇 − 𝑘)

𝐵(𝜇, 𝜈 − 𝜇)
 

×∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎+𝜌𝑘,𝜏+𝑘)

𝐵(𝜇 − 𝑘 + 𝑛, 𝜈 − 𝜇 − 𝑘)

𝐵(𝜇 − 𝑘, 𝜈 − 𝜇 − 𝑘)
 

×
𝑧𝑛

(𝑛 + 𝑎)𝑠
 ,                       (2.29)     

which on using definition (2.1) and after some 

simplification yields the desired result. 

 

3. Generating relations 

In this section, some generating functions for the extended 

Hurwitz-Lerch Zeta function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) are 

established in the form of the following theorems: 

Theorem 3.1. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following generating  

function holds true: 

∑(𝜆)𝑛Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)

𝑡𝑛

𝑛!

∞

𝑛=0

 

= (1 − 𝑡)−𝜆Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏)

(
𝑧

1 − 𝑡
, 𝑠, 𝑎; 𝑝),                        (3.1) 

(𝑅𝑒(𝑝) ≥ 0, 𝜆 ∈ ℂ, |𝑡| < 1 ). 

Proof. Denoting the L.H.S. of equation (3.1) by∆ then 

applying definition (2.1), we get 

∆= ∑(𝜆)𝑛 {∑(𝜆 + 𝑛)𝑘
𝐵𝑝
(𝜌,𝜎,𝜏)

𝐵(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

∞

𝑘=0

∞

𝑛=0

 

×
𝑧𝑘

𝑘! (𝑘 + 𝑎)𝑠
}
𝑡𝑛

𝑛!
,                                                             (3.2) 

which on using relation (2.26), we obtain 

∆=∑(𝜆)𝑘
𝐵𝑝
(𝜌,𝜎,𝜏)

𝐵(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑘

𝑘! (𝑘 + 𝑎)𝑠

∞

𝑘=0

 

× {∑

∞

𝑛=0

(𝜆 + 𝑘)𝑛
𝑛!

𝑡𝑛}.                                                     (3.3) 

Using the following binomial series expansion [15]: 

(1 − 𝑡)−𝛼 = ∑
(𝛼)𝑛
𝑛!

∞

𝑛=0

𝑡𝑛,                                                  (3.4) 

for evaluating the inner sum in equation (3.3), we get the 

desired result. 

 

Theorem 3.2. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following generating 

function holds true: 

∑(𝑠)𝑛Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠 + 𝑛, 𝑎; 𝑝)

𝑡𝑛

𝑛!

∞

𝑛=0

 

= Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎 − 𝑡; 𝑝),                                      (3.5) 

(𝑅𝑒(𝑝) ≥ 0, 𝜆 ∈ ℂ, |𝑡| < |𝑎|; 𝑠 ≠ 1). 

Proof. Using definition (2.1) in the R.H.S. of equation 

(3.5), we get 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎 − 𝑡; 𝑝)  

=∑
(𝜆)𝑘
𝑘!

∞

𝑘=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑘

(𝑘 + 𝑎 − 𝑡)𝑠
, 

=∑
(𝜆)𝑘
𝑘!

∞

𝑘=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑘

(𝑘 + 𝑎)𝑠
(1 −

𝑡

(𝑘 + 𝑎)
)
−𝑠

. 

(3.6) 

Using relation (3.4), we obtain 
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Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎 − 𝑡; 𝑝) 

=∑
(𝜆)𝑘
𝑘!

∞

𝑘=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑘

(𝑘 + 𝑎)𝑠
 

× {∑(𝑠)𝑛
𝑡𝑛

𝑛! (𝑘 + 𝑎)𝑛

∞

𝑛=0

}, 

=∑
(𝑠)𝑛
𝑛!

∞

𝑛=0

{∑
(𝜆)𝑘
𝑘!

∞

𝑘=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)
 

×
𝑧𝑘

(𝑘 + 𝑎)𝑠+𝑛
} 𝑡𝑛,                                                         (3.7) 

which on using definition (2.1), yields the L.H.S. of (3.5). 

This completes the proof of (3.5). 

 

Theorem 3.3.For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following generating 

function holds true: 

∑Ф−𝑛,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)

𝑡𝑛

𝑛!

∞

𝑛=0

= 𝑒𝑡Ф𝜇;𝜈
∗(𝜌,𝜎,𝜏) (−𝑧𝑡, 𝑠, 𝑎; 𝑝),           (3.8) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜈) > 𝑅𝑒(𝜇) > 0; 𝑅𝑒(𝜌), 𝑅𝑒(𝜎), 𝑅𝑒(𝜏) > 0). 

 
Proof. Using relation (2.5) in the R.H.S. of equation (3.8), 

we get 

𝑒𝑡Ф𝜇;𝜈
∗(𝜌,𝜎,𝜏) (−𝑧𝑡, 𝑠, 𝑎; 𝑝) 

=∑∑

∞

𝑘=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

(−1)𝑘

𝑘! (𝑘 + 𝑎)𝑠

∞

𝑛=0

𝑡𝑛+𝑘

𝑛!
. (3.9) 

Replacing𝑛by 𝑛 − 𝑘 in the R.H.S. of equation (3.9), we 

get   

𝑒𝑡Ф𝜇;𝜈
∗(𝜌,𝜎,𝜏) (−𝑧𝑡, 𝑠, 𝑎; 𝑝) 

=∑∑

∞

𝑘=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)(𝑛 − 𝑘)!

(−1)𝑘𝑡𝑛𝑧𝑘

𝑘! (𝑘 + 𝑎)𝑠

∞

𝑛=0

.       (3.10) 

Using the following relation [15]: 

(𝑛 − 𝑘)! =
(−1)𝑘𝑛!

(−𝑛)𝑘
,         (0 ≤ 𝑛 ≤ 𝑘),                    (3.11) 

in equation (3.10), we obtain 

𝑒𝑡Ф𝜇;𝜈
∗(𝜌,𝜎,𝜏) (−𝑧𝑡, 𝑠, 𝑎; 𝑝) 

=∑{∑

∞

𝑘=0

(−𝑛)𝑘
𝑘!

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑘, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑘

(𝑘 + 𝑎)𝑠
}
𝑡𝑛

𝑛!

∞

𝑛=0

. 

                                                                                (3.12) 

which on using definition (2.1) yields the desired result. 

4. Integral representations 

In this section, some integral representations for the 

extended Hurwitz-Lerch Zeta function 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)are established in the form of the 

following theorems: 

Theorem 4.1. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following integral 

representation holds true: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) 

=
1

Г(𝑠)
∫ 𝑡𝑠−1
∞

0

𝑒−𝑎𝑡𝐹𝑝
(𝜌,𝜎,𝜏)(𝜆, 𝜇; 𝜈; 𝑧𝑒−𝑡) 𝑑𝑡,           (4.1) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝜏) > 0; 𝑝 = 0, 
𝑅𝑒(𝑎) > 0; 𝑅𝑒(𝑠) > 0 when|𝑧| ≤ 1 (𝑧 ≠ 1); 
𝑅𝑒(𝑠) > 1 when 𝑧 = 1). 
 

 

Proof. Using the Eulerian integral [15,p.218(3)]: 

1

(𝑛 + 𝑎)𝑠
=

1

Г(𝑠)
∫ 𝑡𝑠−1
∞

0

𝑒−(𝑛+𝑎)𝑡  𝑑𝑡, 

(min {𝑅𝑒(𝑠), 𝑅𝑒(𝑎)} > 0; 𝑛 ∈ ℕ0),                         (4.2) 

in definition (2.1) and interchanging the order of 

summation and integration which may be valid under the 

conditions stated in Theorem 4.1, we get 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝑠)
∫ 𝑡𝑠−1
∞

0

𝑒−𝑎𝑡 

× (∑(𝜆)𝑛

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

(𝑧𝑒−𝑡)𝑛

𝑛!
) 𝑑𝑡, (4.3) 

which on using definition (1.7) gives the desired result. 
 

Theorem 4.2. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following integral 

representation holds true: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

𝐵(𝜇, 𝜈 − 𝜇)
∫

𝑢𝜇−1

(1 + 𝑢)𝜈

∞

0

 

× 𝐸𝜌,𝜎
𝜏 (−2𝑝 − 𝑝 (𝑢 +

1

𝑢
))Ф𝜆

∗ (
𝑧𝑢

1 + 𝑢
, 𝑠, 𝑎) 𝑑𝑢,        (4.4) 
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(𝑹𝒆(𝒑) ≥ 𝟎, 𝑹𝒆(𝝆) > 𝟎, 𝑹𝒆(𝝈) > 𝟎, 𝑹𝒆(𝝉) > 𝟎; 

𝒑 = 𝟎,𝑹𝒆(𝝂) > 𝑹𝒆(𝝁) > 𝟎), 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝑠) 𝐵(𝜇, 𝜈 − 𝜇)
 

× ∫
∞

0

∫
𝑡𝑠−1𝑒−𝑎𝑡  𝑢𝜇−1

(1 + 𝑢)𝜈

∞

0

𝐸𝜌,𝜎
𝜏 (−2𝑝 − 𝑝 (𝑢 +

1

𝑢
)) 

× (1 −
𝑧𝑢𝑒−𝑡

1 + 𝑢
)

−𝜆

𝑑𝑡 𝑑𝑢,                                                  (4.5) 

(𝑅𝑒(𝑝) ≥ 0, 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜎) > 0, 𝑅𝑒(𝜏) > 0; 

𝑝 = 0, 𝑅𝑒(𝜈) > 𝑅𝑒(𝜇) > 0,min{𝑅𝑒(𝑠), 𝑅𝑒(𝑎)} > 0). 

Proof. Putting𝑥 = 𝜇 + 𝑛and 𝑦 = 𝜈 − 𝜇in the following 

integral representation of the extended Beta function 

[1,p.262(3.9)]: 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) = ∫

𝑢𝑥−1

(1 + 𝑢)𝑥+𝑦

∞

0

 

          × 𝐸𝜌,𝜎
𝜏 (−2𝑝 − 𝑝 (𝑢 +

1

𝑢
)) 𝑑𝑢,                         (4.6) 

we obtain 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇) = ∫

𝑢𝜇+𝑛−1

(1 + 𝑢)𝜈+𝑛

∞

0

 

             × 𝐸𝜌,𝜎
𝜏 (−2𝑝 − 𝑝 (𝑢 +

1

𝑢
)) 𝑑𝑢,                     (4.7) 

which on using it in definition (2.1) yields 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

𝐵(𝜇, 𝜈 − 𝜇)
 

×∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

∫
𝑢𝜇+𝑛−1

(1 + 𝑢)𝜈+𝑛

∞

0

𝐸𝜌,𝜎
𝜏 (−2𝑝 − 𝑝 (𝑢 +

1

𝑢
)) 

×
𝑧𝑛

(𝑛 + 𝑎)𝑠
𝑑𝑢.                                                      (4.8) 

Interchanging the order of summation and integration in 

equation (4.8), which is verified under the given 

conditions here, we get 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

𝐵(𝜇, 𝜈 − 𝜇)
 

× ∫
𝑢𝜇−1

(1 + 𝑢)𝜈

∞

0

𝐸𝜌,𝜎
𝜏 (−2𝑝 − 𝑝 (𝑢 +

1

𝑢
)) 

×∑
(𝜆)𝑛
𝑛!

( 𝑧𝑢
1+𝑢

)
𝑛

(𝑛 + 𝑎)𝑠

∞

𝑛=0

𝑑𝑢.                                                (4.9) 

Using definition (1.9) in the R.H.S. of equation (4.9), we 

get the desired result (4.4). 

Also, using the following integral representation [8]: 

Ф𝜇
∗ (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝑠)
∫

𝑡𝑠−1𝑒−𝑎𝑡

(1 − 𝑧𝑒−𝑡)𝜇
𝑑𝑡

∞

0

,      (4.10) 

(𝑅𝑒(𝑎) > 0, 𝑅𝑒(𝑠) > 0 when|𝑧| ≤ 1 (𝑧 ≠ 1); 

𝑅𝑒(𝑠) > 1 when 𝑧 = 1), 

in the R.H.S. of equation (4.4), we get the desired result 

(4.5) and thus the proof of Theorem 4.2 is completed. 

 

Theorem 4.3. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), the following integral 

representation holds true: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)

=
1

Г(𝜆)
∫ 𝑡𝜆−1
∞

0

𝑒−𝑡Ф𝜆,𝜇;𝜈
∗(𝜌,𝜎,𝜏)(𝑧𝑡, 𝑠, 𝑎; 𝑝)𝑑𝑡,               (4.11) 

(𝑹𝒆(𝒑) ≥ 𝟎, 𝑹𝒆(𝝆) > 𝟎, 𝑹𝒆(𝝈) > 𝟎, 𝑹𝒆(𝝉) > 𝟎; 𝒑 = 𝟎, 

𝑹𝒆(𝝀) > 𝟎, 𝑹𝒆(𝒂) > 𝟎;𝑹𝒆(𝒔) > 𝟎 𝐰𝐡𝐞𝐧|𝒛| ≤ 𝟏 

(𝒛 ≠ 𝟏);𝑹𝒆(𝒔) > 𝟏 𝐰𝐡𝐞𝐧 𝒛 = 𝟏). 

Proof. Applying the following integral representation of 

the Pochhammer symbol(𝝀)𝒏: 

(𝜆)𝑛 =
1

Г(𝜆)
∫ 𝑡𝜆+𝑛−1
∞

0

𝑒−𝑡  𝑑𝑡,                        (4.12) 

in definition (2.1) and inverting the order of summation 

and integration which may be permissible under the 

conditions stated Theorem 4.3, we get 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜆)
∫ 𝑡𝜆−1
∞

0

𝑒−𝑡 

×∑

∞

𝑛=0

𝐵𝑝
(𝜌,𝜎,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

(𝑧𝑡)𝑛

𝑛! (𝑛 + 𝑎)𝑠
𝑑𝑡, (4.13) 

which on using equation (2.5) gives the desired result. 

Theorem 4.4. For the extended Hurwitz-Lerch Zeta 

functionФ𝝀,𝝁;𝝂
(𝝆,𝝈,𝝉) (𝒛, 𝒔, 𝒂; 𝒑), we have: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

𝜌 Г(𝜎 − 𝜌)
 

×∫ Ф𝜆,𝜇;𝜈
(𝜌,𝜌,𝜏) (𝑧, 𝑠, 𝑎; 𝑢𝑝)

1

0

(1 − 𝑢
1
𝜌)

𝜎−𝜌−1

𝑑𝑢,         (4.14) 

(𝑹𝒆(𝒑) ≥ 𝟎, 𝑹𝒆(𝝆) > 𝟎, 𝑹𝒆(𝝈) > 𝟎, 𝑹𝒆(𝝉) > 𝟎; 
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𝒑 = 𝟎, 𝑹𝒆(𝝂) > 𝑹𝒆(𝝁) > 𝟎,𝐦𝐢𝐧 {𝑹𝒆(𝒔), 𝑹𝒆(𝒂)} > 𝟎). 

Proof. Applying the following relation [1,p.264(3.25)]: 

𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) =

1

𝜌 Г(𝜎 − 𝜌)
 

×∫ 𝐵𝑢𝑝
(𝜌,𝜌,𝜏)

(𝑥, 𝑦)
1

0

(1 − 𝑢
1
𝜌)
𝜎−𝜌−1

𝑑𝑢,    (4.15) 

in definition (2.1), we have 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) = ∑

(𝜆)𝑛
𝑛!

∞

𝑛=0

𝑧𝑛

(𝑛 + 𝑎)𝑠
 

× ∫
𝐵𝑢𝑝
(𝜌,𝜌,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇) (1 − 𝑢

1
𝜌)

𝜎−𝜌−1

𝑑𝑢

𝜌 Г(𝜎 − 𝜌) 𝐵(𝜇, 𝜈 − 𝜇)

1

0

.         (4.16) 

Interchanging the order of summation and integration in 

equation (4.16), which is verified under the given 

conditions here, we get 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

𝜌 Г(𝜎 − 𝜌)
 

× ∫ [∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

𝐵𝑢𝑝
(𝜌,𝜌,𝜏)(𝜇 + 𝑛, 𝜈 − 𝜇)

𝐵(𝜇, 𝜈 − 𝜇)

𝑧𝑛

(𝑛 + 𝑎)𝑠
]

1

0

 

× (1 − 𝑢
1
𝜌)
𝜎−𝜌−1

𝑑𝑢,                        (4.17) 

which on using definition (2.1) gives the desired result. 

 

Remark 4.1.Putting𝜔 = 𝑢
1
𝜌 in assertion (4.14) of 

Theorem 4.4, we get the following result: 

 

Corollary 4.1. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), we have: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜎 − 𝜌)
 

× ∫ Ф𝜆,𝜇;𝜈
(𝜌,𝜌,𝜏) (𝑧, 𝑠, 𝑎; 𝜔𝜌𝑝)

1

0

𝜔𝜌−1(1 − 𝜔)𝜎−𝜌−1𝑑𝜔. (4.18) 

 

Remark 4.2.Using the following relations [1,p.265]: 

𝐵𝑝
(𝜌,𝜎,𝜏)

(𝑥, 𝑦) =
1

Г(𝜌)
∫ 𝐵(1−𝑢)𝜌𝑝

(𝜌,𝜎−𝜌,𝜏)
(𝑥, 𝑦)

1

0

 

    ×  𝑢𝜌−1(1 − 𝑢 )𝜎−𝜌−1𝑑𝑢,                                       (4.19) 

𝐵𝑝
(𝜌,𝜎,𝜏)

(𝑥, 𝑦) =
1

𝐵(𝜏, 𝑏 − 𝜏)
∫ 𝐵𝑢𝑝

(𝜌,𝜎,𝑏)
(𝑥, 𝑦)

1

0

 

× 𝑢𝜏−1(1 − 𝑢 )𝑏−𝜏−1𝑑𝑢,                                          (4.20) 

𝐵𝑝
(𝜌,𝜎+𝑏,𝜏)

(𝑥, 𝑦) =
1

Г(𝑏)
∫ 𝐵

𝑢𝜏𝑝

(𝜌,𝜎,𝜏)
(𝑥, 𝑦)

1

0

 

× 𝑢𝜎−1(1 − 𝑢 )𝑏−1𝑑𝑢.                                                (4.21) 

 

Theorem 4.5. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), we have: 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜌)
∫ Ф𝜆,𝜇;𝜈

(𝜌,𝜎−𝜌,𝜏) (𝑧, 𝑠, 𝑎; (1 − 𝑢)𝜌𝑝)
1

0

 

× 𝑢𝜌−1(1 − 𝑢 )𝜎−𝜌−1𝑑𝑢,                                                       (4.22) 

(𝑅𝑒(𝜎) > 𝑅𝑒(𝜌) > 0, 𝑅𝑒(𝜆), 𝑅𝑒(𝜇), 𝑅𝑒(𝜈), 𝑅𝑒(𝜏) > 0), 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

𝐵(𝜏, 𝑏 − 𝜏)
 

×∫ Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝑏) (𝑧, 𝑠, 𝑎; 𝑢𝑝)

1

0

𝑢𝜏−1 (1 − 𝑢 )𝑏−𝜏−1𝑑𝑢, (4.23) 

(𝑹𝒆(𝒃) > 𝑹𝒆(𝝉) > 𝟎, 𝑹𝒆(𝝀), 𝑹𝒆(𝝁), 𝑹𝒆(𝝂), 𝑹𝒆(𝝆), 𝑹𝒆(𝝈)

> 𝟎), 

Ф𝜆,𝜇;𝜈
(𝜌,𝜎+𝑏,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝑏)
 

×∫ Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑢𝜌𝑝)

1

0

𝑢𝜎−1(1 − 𝑢 )𝑏−1𝑑𝑢, (4.24) 

(𝑅𝑒(𝜆), 𝑅𝑒(𝜇), 𝑅𝑒(𝜈), 𝑅𝑒(𝜌), 𝑅𝑒(𝜎), 𝑅𝑒(𝜏), 𝑅𝑒(𝑏) > 0). 

Theorem 4.6. For the extended Hurwitz-Lerch Zeta 

function Ф𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝), we have: 

Ф𝜆,𝜇;𝜈
(𝑘,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜎) 𝐵(𝜇, 𝜈 − 𝜇)
 

×∫ 𝑡𝜇−1(1 − 𝑡)𝜈−𝜇−1
1

0

 

× 𝐹1 𝑘 [

𝜏                    ;
−𝑝

𝑘𝑘𝑡(1−𝑡)

𝜎

𝑘
,
𝜎+1

𝑘
,.…,

𝜎+𝑘−1

𝑘
  ;

] 

× Ф𝜆
∗ (𝑡𝑧, 𝑠, 𝑎; 𝑝) 𝑑𝑡, (4.25) 

(𝑅𝑒(𝑝) ≥ 0; 𝑘 ∈ ℕ; 𝑅𝑒(𝜆), 𝑅𝑒(𝜇), 𝑅𝑒(𝜈), 𝑅𝑒(𝜎), 𝑅𝑒(𝜏) > 0). 

Proof. Applying the following relation [1,p.266(3.44)]: 

𝐵𝑝
(𝑘,𝜎,𝜏)(𝑥, 𝑦) =

1

Г(𝜎)
∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0
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× 𝐹1 𝐾

[
 
 
 
   𝜏                  ;

−𝑝

𝑘𝑘𝑡(1−𝑡)

𝜎

𝑘
,
𝜎+1

𝑘
,...,
𝜎+𝑘−1

𝑘
; ]

 
 
 
 

 𝑑𝑡,        (4.26) 

in definition (2.1), we have 

Ф𝜆,𝜇;𝜈
(𝑘,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜎)
{∑

(𝜆)𝑛
𝑛!

∞

𝑛=0

𝑧𝑛

(𝑛 + 𝑎)𝑠
 

×
1

 𝐵(𝜇, 𝜈 − 𝜇)
∫ 𝑡𝜇+𝑛−1(1 − 𝑡)𝜈−𝜇−1
1

0

 

× 𝐹1 𝑘

[
 
 
 
   𝜏                 ;

−𝑝

𝑘𝑘𝑡(1−𝑡)

𝜎

𝑘
,
𝜎+1

𝑘
,...,
𝜎+𝑘−1

𝑘
; ]

 
 
 
 

𝑑𝑡

}
 
 

 
 

.      (4.27) 

Interchanging the order of summation and integration in 

equation (4.27), which is verified under the given 

conditions here, we get 

Ф𝜆,𝜇;𝜈
(𝑘,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝) =

1

Г(𝜎) 𝐵(𝜇, 𝜈 − 𝜇)
 

× ∫ 𝑡𝜇−1
1

0

(1 − 𝑡)𝜈−𝜇−1 

× 𝐹1 𝑘 [

  𝜏                  ;
−𝑝

𝑘𝑘𝑡(1−𝑡)

𝜎

𝑘
,
𝜎+1

𝑘
,...,
𝜎+𝑘−1

𝑘
;

] 

×∑
(𝜆)𝑛
𝑛!

∞

𝑛=0

(𝑡𝑧)𝑛

(𝑛 + 𝑎)𝑠
𝑑𝑡,                                          (4.28) 

which on using definition (1.9) gives the desired result. 

Conclusion 

In this paper, a new extension of Hurwitz-Lerch Zeta 

functionФ𝜆,𝜇;𝜈
(𝜌,𝜎,𝜏) (𝑧, 𝑠, 𝑎; 𝑝)is introduced with the help of 

the extended Beta function𝐵𝑝
(𝜌,𝜎,𝜏)(𝑥, 𝑦) given in [1]. 

Various properties of that extended function are 

investigated such as recurrence relation, generating 

relations and integral representations. It is interesting to 

mention here that many know and new results can be 

obtained as special cases of the main results obtained in the 

previous sections. For example, if we letting 𝜌 = 1 

throughout in the paper and using relation(2.2𝑎), then 

some known and new results due to the work of Parmaretal. 

[10] will be obtained. Also, if we letting 𝜌 = 𝜎 = 𝜏 = 1 

throughout in the paper and using relation(2.2𝑏), then 

some known and new results due to Parmar and Raina [11] 

will be obtained. 

 

 

References  

 

[1] A.A. Al-Gonah and W.K. Mohammed, “A new 

extension of extended Gamma and Beta functions and 

their properties”, Journal of Scientific and 

Engineering Research, vol. 5, no. 9, p. 257-270, 2018. 

[2] A.A. Al-Gonah and W.K. Mohammed, “A new 

extension of extended Gauss hypergeometric and 

confluent hypergeometric functions and their 

properties”, (submitted for publication). 

[3] M.G. Bin-Saad, “Hypergeometric Series Associated 

with the Hurwitz-Lerch Zeta Function”, Acta Math. 

Univ. Comenianae, vol. 2, 269-286, 2009. 

[4] M.A. Chaudhry, A. Qadir, M. Rafique and S.M. 

Zubair,“Extension of Euler’s beta function”, J. 

Comput. Appl. Math., vol. 78, 19-32, 1997. 

[5] M.A. Chaudhry, A. Qadir, H.M. Srivastava, and R.B. 

Paris, “Extended hypergeometric and confluent 

hypergeometric functions”, Appl. Math. Comput., vol. 

159,589- 602, 2004. 

[6] J. Choi, D.S. Jang, and H.M. Srivastava, “A 

generalization of the Hurwitz-Lerch Zeta function”, 

Integral Transforms Spec. Funct., vol. 19, 65-79, 

2008. 

[7] M. Garg, K. Jain, and S. L. Kalla, “A further study of 

general Hurwitz-Lerch zeta function”, Algebras 

Groups Geom., vol. 25, 311–319, 2008. 

[8] S.P. Goyal and R.K. Laddha, “On the generalized Zeta 

function and the generalized Lambert function”, 

GanitaSandesh, vol. 11, 99-108, 1997. 

[9] E. Ӧzergin, M.A. Ӧzarslan, and A. Altin,“ Extension 

of gamma, beta and hypergeometric functions”, J. 

Comput. Appl. Math., vol. 235, 4601-4610, 2011. 

[10] R.K. Parmar, J. Choi, and S.D. Purohit, “Further 

Generalization of the Extended Hurwitz-Lerch Zeta 

Functions”, Bol. Soc. Paran. Mat., vol. 37, no. 1, 177-

190, 2019. 

[11] R.K. Parmar and R.K. Raina, “On a certain extension 

of the Hurwitz-Lerch Zeta function”, 

AnaleleUniversitӑţii de Vest Timi¸soara, 

SeriaMatematicӑInformaticӑ.,vol. 2, 157-170, 2014. 

[12] T.R. Prabhakar, “A singular integral equation with a 

Generalized Mittag-Leffler Function in the Kernel”, 

Yokohama Math. J., vol. 19, 7-15, 1971. 

[13] A.K. Shukla and J.C. Prajapati, “On a generalization 

of Mittag-Leffler function and its properties”, J. Math. 

Anal. Appl., vol. 336, 797-811, 2007. 



EJUA 
Electronic Journal of University of Aden For Basic and Applied Sciences Al-Gonah and Mohammed Pages 39 - 48 

Vol. 1, No. 1, March 2020   

https://ejua.net 

 

EJUA-BA | March 2020 Page 48 

 

[14] H. M. Srivastava and J. Choi, “Series Associated with 

the Zeta and related functions”, Kluwer, 

AcedemicPublishers, Dordrecht, Boston and London, 

2001. 

[15] H. M. Srivastava and H.L. Manocha, “A treatise on 

generating functions”, Halsted Press (Ellis Horwood 

Limited, Chichester), John Wiley and Sons, New 

York, Chichester, Brisbane and Toronto, 1984. 

 

 

 مقالة بحثية

 ليرتش زيتا وخواصها -تمديد محدد لدالة هورويتز

 2، وليد خضر محمد،*1أحمد علي الجونة

 كلية العلوم، جامعة عدن، عدن، اليمن، قسم الرياضيات 1
 يافع، جامعة عدن، عدن، اليمن - كلية التربية، قسم الرياضيات 2

 gonah1977@yahoo.com: البريد الالكترونيالباحث الممثل: أحمد علي الجونة * 

 2020مارس  07/ نشر في:  2020فبراير  18/ قبل في:  2020يناير  16 استلم في: 

 الملخص

. كما تم اثبات بعض الصيغ المعاودة، الدوال المولدة [1]ي باستخدام تمديد بيتا المعرف ف ليرتش زيتا–يهدف هذا البحث إلى تقديم تمديد جديد لدالة هورويتز

 .والتمثيلات التكاملية لذلك التمديد

 ليرتش زيتا الممددة، علاقة معاودة، دوال مولدة، تمثيل تكاملي.–دالة بيتا الممددة، دالة هورويتز الكلمات الرئيسية:

 

mailto:gonah1977@yahoo.com

